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Abstract

Shaulskyi K.A. Quantum relativistic methods of description of nuclear pro-

cesses in the compact stars. — Qualifying scientific work on the rights of a

manuscript.

The dissertation for obtaining an academic degree of a Doctor of Philosophy

(a PhD degree) on the Programme Subject Area 104 — Physics and astronomy.

—– Institute for Nuclear Research, National Academy of Sciences of Ukraine,

Nuclear Processes Department. — Kyiv, 2025.

The dissertation investigates the processes of atomic nuclei fusion in the crys-

talline lattices of compact stars — pycnonuclear reactions — using a new for-

malism based on the method of multiple internal reflections (MIR). New models

were also developed to study bremsstrahlung radiation in proton-deuteron scat-

tering and nucleon-nucleus scattering in the environment of compact stars.

Chapter 1 presents the theoretical foundations of the method of multiple in-

ternal reflections (MIR method) and its modification for studying pycnonuclear

reactions in crystalline lattices within compact stars. A comparison with mi-

croscopic and semi-classical methods is performed, and the advantages of the

MIR method for pycnonuclear reactions are substantiated. For the first time, a

fully quantum approach was applied to describe pycnonuclear reactions, yielding

new estimates for the reaction rates. The MIR method allows the inclusion of

quantum fluxes in the inner region of the potential, where approximate methods

are no longer applicable at the energies relevant to pycnonuclear reactions. The

results of calculations based on the developed model are provided, including es-

timates of barrier penetrability coe!cients and reaction rates. These estimates

were compared with those obtained by other methods previously used to study

pycnonuclear reactions. The developed model also enables the calculation of

the probabilities of compound nucleus formation during pycnonuclear reactions.

Such probabilities were previously studied using approaches based on zero-point

energy.

5



Chapter 2 develops a formalism for describing the process of proton-deuteron

scattering based on two- and three-cluster models. The influence of the oscilla-

tor length (describing the deuteron in the cluster model) is studied, along with

various nucleon-nucleon interaction potentials within the deuteron and between

the proton and the deuteron, on the considered process. The bremsstrahlung

radiation arising in this process is investigated, and its spectrum is calculated.

The calculated bremsstrahlung spectrum is verified against available experi-

mental data to validate the model. The influence of the aforementioned model

parameters on the bremsstrahlung cross section accompanying proton-deuteron

scattering is analyzed.

Chapter 3 presents the development of a new formalism for describing atomic

nuclei in the environment of compact stars — white dwarfs and neutron stars.

The theoretical model is based on the deformed oscillator shell model, which

allows high-precision calculations of nuclear binding energies and their deforma-

tions. The formalism is modified to account for the influence of compact star

matter on atomic nuclei. The e”ect of the environment on the binding energy of

a number of isotopes in white dwarfs and neutron stars is studied. The process

of nucleon scattering on atomic nuclei is investigated using the deformed oscil-

lator shell model, along with the bremsstrahlung radiation accompanying such

processes. The influence of the compact star environment on the bremsstrahlung

spectra during nucleon-nucleus scattering in compact star matter is calculated.

Keywords: multiple internal reflections, pycnonuclear reactions, compact

stars, white dwarf, neutron star, bremsstrahlung emission, proton-deuteron scat-

tering, three-cluster model.

6



67(&+’ 7#8$i’"4i) 90+8#2"3" +&2i,( 9" ,:;+5 0(&:1,"4i<
="#’+2i 71"4i, 2 -’(> +7#8$i’+2".i +&.+2.i ."#’+2i 1:9#$%,",(

0(&:1,"4i<

1. S. P. Maydanyuk, K. A. Shaulskyi, Quantum design in study of pycno-

nuclear reactions in compact stars, Eur. Phys. J. 58, 220 (2022), DOI: https:
//doi.org/10.1140/epja/s10050-022-00870-z (Q2, +"+A$"#$9 7!("+2 =’+A%-
70?0 J )+=7$!(!!& 3+’(,i A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 #0 55 =0-
"#+"%70!!& ’,& ’+",i’-(!!& 0#+3!$* &’() 7 "()(’+7$Mi 2+3:02#!$* =i),
’+:+7i’i !0 !0%2+7$* 2+!8()(!1i&*)

2. 6. F. G0%,.".2$9, I. >. H09’0!E2, *,"-./,i 010’.( 2i’-/3405-(6 50-

"’7i) # ’/82"’.-(6 9/536: -/,i ’,"9i9,’39"-i &."-( ." &20’.5/&’/2i3,
Nucl. Phys. At. Energy 24(2), 93 (2023), DOI: https://doi.org/10.15407/
jnpae2023.02.093 (Q4, +"+A$"#$9 7!("+2 =’+A%70?0 J )+=)+A20 3+’(,i
2+3:02#!$* =i) 9 0’0:#01i& 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7,
!0:$"0!!& "#0##i)

3. S. P. Maydanyuk, G. Wolf, K. A. Shaulskyi, Synthesis of elements in compact

stars in pycnonuclear reactions with Carbon isotopes: Quasibound states

versus states of zero-points vibrations, Universe, 9(8), 354 (2023), DOI:
https://doi.org/10.3390/universe9080354 (Q1, +"+A$"#$9 7!("+2 =’+A%70?0
J )+=)+A20 3+’(,i 2+3:02#!$* =i) ’,& ’+",i’-(!!& :i2!+&’()!$* )(0-
21i9 !0 +"!+7i 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7, ’+:+7i’i !0
!0%2+7$* 2+!8()(!1i&*)

4. K. A. Shaulskyi, S. P. Maydanyuk, and V. S. Vasilevsky, Structure of the

deuteron from an analysis of bremsstrahlung emission in proton-deuteron

scattering in cluster models, Phys. Rev. C 110, 034001 (2024), DOI: https://
doi.org/10.1103/PhysRevC.110.034001 (Q1, +"+A$"#$9 7!("+2 =’+A%70?0 J
0!0,i#$20 #0 )+=)0*%!2$ *7$,.+7$* 8%!21i9 ’(9#)+!%, ’+:+7i’i !0 !0%-
2+7$* 2+!8()(!1i&*)

5. Sergei P. Maydanyuk, Ju-Jun Xie and Kostiantyn A. Shaulskyi,
Bremsstrahlung emission from nucleon-nucleus reactions in dense medium

of compact stars, Chinese Phys. C 49, 044105 (2025), DOI: https://doi.org/

7



10.1088/1674-1137/ada377 (Q1, +"+A$"#$9 7!("+2 =’+A%70?0 J )+=)+A-
20 3+’(,i 0#+3!$* &’() 7 Mi,.!+3% "()(’+7$Mi 2+3:02#!$* =i), 0!0,i=
7:,$7% "()(’+7$M0 !0 (!()BiE =7’&=2% &’(), 0!0,i= :()()i=i7 B0,.3i7!+B+
7$:)+3i!E70!!&, ’+:+7i’i !0 !0%2+7$* 2+!8()(!1i&*)

="#’+2i 71"4i, -’i 9"&2i03#5,% "71+8"4i5 ;",:1i"$i2 0(&:1,"4i<

1. I. >. H09’0!E2, 6. F. G0%,.".2$9, :20’.5/&’/2i3 2i’-/3405-(6 50"-

’7i) # ’/82"’.-(6 9/536, XXIX Q+)i?!0 !0%2+70 2+!8()(!1i& I!"#$-
#%#% &’()!$* ’+",i’-(!. /F/ 42)05!$: #(=$ ’+:+7i’(9 (6$57, 26-30 7(-
)("!& 2022 )+2%). - 6$57: I!"#$#%# &’()!$* ’+",i’-(!. /F/ 42)05!$,
2022. - 236 ". - I 28.

2. 6. F. G0%,.".2$9, I. >. H09’0!E2, C. I. C0"$,(7".2$9, ;"$%8i,-0 ,(-

25/8i-<,"--3 # 25/./--40).5/--/8# 5/9&i3--i ." -#’$/---#’$/--i &(-

$(, XXX Q+)i?!0 !0%2+70 2+!8()(!1i& I!"#$#%#% &’()!$* ’+",i’-(!.
/F/ 42)05!$: #(=$ ’+:+7i’(9 (6$57, 25-29 7()("!& 2023 )+2%). - 6$57:
I!"#$#%# &’()!$* ’+",i’-(!. /F/ 42)05!$, 2023. - 246 ". - I 43.

3. Kostiantyn Shaulskyi, Sergei Maydanyuk, Victor Vasilevsky, Bremsstrahlung

emission in proton-deuteron scattering and nucleon-nucleon forces, XIV
Conference of Young Scientists "Problems of Theoretical Physics": Book
of Abstracts (Kyiv, January 16-17, 2024). - Kyiv: Bogolyubov Institute for
Theoretical Physics, 2024. - 24 p. - P 15.

4. 6. F. G0%,.".2$9, I. >. H09’0!E2, C. I. C0"$,(7".2$9, =/&$i4>0-

--3 &.5#’.#5( 40).5/-" 9 "-"$i9# ?"$%8i,-/?/ ,(25/8i-<,"--3 25(

25/./--40).5/--/8# 5/9&i3--i , ’$"&.05-(6 8/40$36, XXXI Q+)i?!0
!0%2+70 2+!8()(!1i& I!"#$#%#% &’()!$* ’+",i’-(!. /F/ 42)05!$: #(-
=$ ’+:+7i’(9 (6$57, 27-31 #)07!& 2024 )+2%). - 6$57: I!"#$#%# &’()!$*
’+",i’-(!. /F/ 42)05!$, 2024. - 223 ". - I 50.

5. 6. F. G0%,.".2$9, I. >. H09’0!E2, ;"$%8i,-0 ,(25/8i-<,"--3 ,

-#’$/--3405-(6 50"’7i36 # ’/82"’.-(6 9/536, RRRII Q+)i?!0 !0%2+70
2+!8()(!1i& I!"#$#%#% &’()!$* ’+",i’-(!. /F/ 42)05!$: #(=$ ’+:+7i’-
(9 (6$57, 26-30 #)07!& 2025 )+2%). - 6$57: I!"#$#%# &’()!$* ’+",i’-(!.
/F/ 42)05!$, 2025. - 209 ". - I 43.

8



!"i#$

?&,#7 11

1. *2".,+2i :@:’,( 7i’.+-0:1.(> 1:"’4i) # ’+;7"’,.(> 9+1-> 16
1.1. H(#+’ A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 7 +:$"i &’()!+-&’()!+B+

)+="i&!!& = 3+-,$7i"#E =,$##& . . . . . . . . . . . . . . . . . . . 17
1.2. S0"#+"%70!!& 8+)30,i=3% NCC ’,& :i2!+&’()!$* )(021i9 7 2+3-

:02#!$* =+)&* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.3. I$!#(= (,(3(!#i7 = i=+#+:i7 20)A+!% 7 :i2!+&’()!$* )(021i&* . . 25
1.4. T!()B(#$?!i ":(2#)$ !%,.+7$* 2+,$70!. &’() % K)0#20* . . . . . 32
1.5. >+)i7!&!!& 3(#+’% NCC = C6N-!0A,$-(!!&3 ’,& :i2!+&’()!$*

)(021i9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
1.6. C$"!+72$ ’+ )+=’i,% 1 . . . . . . . . . . . . . . . . . . . . . . . . 42

2. A"$%;i2.: 2(71+;i.52"..- 71( 71+,+.-0:),1+..+;# 1+9&i-
-..i 44
2.1. C$2+)$"#0!!& ’7+- #0 #)$-2,0"#()!+5 3+’(,(9 ’,& +:$"% p + d

"$"#(3$ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.2. U0,.3i7!( 7$:)+3i!E70!!& 7 :)+1("i )+="i&!!& :)+#+!0 !0 ’(9-

#)+!i . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
2.3. C:,$7 :0)03(#)i7 3+’(,(9 !0 B0,.3i7!( 7$:)+3i!E70!!& 7 :)+-

1("i p+ d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
2.4. C$"!+72$ ’+ )+=’i,% 2 . . . . . . . . . . . . . . . . . . . . . . . . 67

3. ?7$(2 &:1:0+2(B" ’+;7"’,.(> 9i1 ." &7:’,1 C"$%;i2.+C+
2(71+;i.52"..- 71( 1+9&i-..i .#’$+.i2 ." ",+;.(> -01"> 69
3.1. H+’(,. ’(8+)3+70!$* +"1$,&#+)!$* +A+,+!+2 #0 55 3+’$8i20-

1i& ’,& +:$"% 0#+3!$* &’() 7 "()(’+7$Mi 2+3:02#!$* =i) . . . . 71

9



3.2. O:$" 2+3:02#!$* =i) ’,& 3+’$8i201i5 3+’(,i ’(8+)3+70!$* +"1$-
,&#+)!$* +A+,+!+2 . . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.3. H+’(,. B0,.3i7!+B+ 7$:)+3i!E70!!& :)$ )+="i&!!i !%2,+!i7 !0
0#+3!$* &’)0* 7 2+3:02#!$* =+)&* . . . . . . . . . . . . . . . . 87

3.4. C$"!+72$ ’+ )+=’i,% 3 . . . . . . . . . . . . . . . . . . . . . . . . 94

?(&.+2’( 98

67(&+’ 2(’+1(&,".(> 0D:1:$ 102

/. 67(&+’ 7#8$i’"4i) 90+8#2"3" +&2i,( 9" ,:;+5 0(&:1,"4i< 111

10



%#$&’

!"#$%&’%()&&* ’+,- &)%./(/0/ 1/23i14+&&*

O"!+7!+E #(3+E !0%2+7+B+ ’+",i’-(!!& @ )+=)+A20 !+7$* 3+’(,(9 ’,& +:$"%
:)+1("i7, M+ 7i’A%70E#."& 3i- 0#+3!$3$ &’)03$ 7 2+3:02#!$* =+)&*. 6+3:0-
2#!i =+)i J Ai,i 20),$2$ #0 !(9#)+!!i =+)i J @ :)$)+’!$3$ ,0A+)0#+)i&3$ [1J
3], ’( 0#+3!i &’)0 :()(A%70E#. % (2"#)(30,.!$* %3+70* [4, 5]. ;+",i’-(!!&
0#+3!$* &’() 7 #02$* %3+70* @ :()":(2#$7!$3 !0:)&32+3, :)+ M+ "7i’?$#.
7(,$20 2i,.2i"#. !0%2+7$* :%A,i201i9 7 !09Ai,.D :)("#$-!$* -%)!0,0*.

C-( )+=)+A,(!+ A0B0#+ 3+’(,(9 ’,& +:$"% "#)%2#%)$ 0#+3!$* &’() % (2"-
#)(30,.!$* %3+70* 7"()(’$!i =i). L02, 7-( :+A%’+70!+ A0B0#+!%2,+!!i #0
2,0"#()!i +A’@’!0!i #(+)i5 &’)0 #0 &’()!$* )(021i9 [6J9], +A+,+!2+7i 3+’(-
,i, 2+,(2#$7!i 3+’(,i, )(,&#$7i"#".2i #(+)i5 "()(’!.+B+ :+,& (RMF) [10J21],
Ab initio calculations theory [22], 3(#+’$ 6R; +:$"% &’(), 270)2+7i 3+’(,i
(270)2-3(=+!!i 3+’(,i [23], :+#(!1i0,.!i 3+’(,i).

H(#+E )+A+#$ @ )+=)+A20 !+7$* 3+’(,(9, &2i A%,$ A "%#+ 270!#+7+-
3(*0!i?!$3$ i !( 7$2+)$"#+7%70,$ 3(#+’$ #(+)i5 =A%)(!. ?$ ?$",+7$* 3(#+’i7,
&2i :+#)(A%E#. !0&7!+"#i "%:()2+3:’E#()i7, &2 % [22]. >()":(2#$7!$3 @ 3(#+’
A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 [24, 25], &2$9 ’+=7+,&@ )0*%70#$ 2+(8i1i-
@!#$ :)+!$2!+"#i A0)’@)i7 :)$ #%!(,E70!!i ?0"#$!+2 =0 !$=.2$* (!()Bi9 J =0
&2$* !0:i72,0"$?!i 3(#+’$ :()("#0E#. :)01E70#$. F #02+- )+=)+A,(!0 3+-
’(,. ’+=7+,&@ :+)0*%70#$ 93+7i)!+"#i %#7+)(!!& "2,0’(!$* &’() #0 7i’:+7i’!i
(!()Bi5.

P+=)+A,(!i 3+’(,i !0 +"!+7i 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 ’+-
=7+,&#. :+)0*%70#$ 270!#+7i (8(2#$, #02i &2: :)+!$2!i"#. A0)’@)i7 :)$ #%!(-
,E70!!i :)$ :i2!+&’()!$* )(021i&*, +#)$30#$ +1i!2% D7$’2+"#(9 :i2!+&’()-
!$* )(021i9, M+ 7"( M( @ ’-()(,+3 ’$"2%)"% [26].

11



U0,.3i7!( 7$:)+3i!E70!!& @ M( +’!$3 ’-()(,+3 i!8+)301i5 :)+ &’()!i "$-
,$ 7 0#+3!$* &’)0*. T2":()$3(!#0,.!i ’0!i :)+ B0,.3i7!( 7$:)+3i!E70!!&,
M+ "%:)+7+’-%@ )i=!i :)+1("$, @ :+#%-!$3 i!"#)%3(!#+3 ’,& ’+",i’-(!!&
"#)%2#%)$ 0#+3!$* &’() #0 7,0"#$7+"#(9 &’()!$* "$, [27J32]. H+’(,i, )+=)+-
A,(!i ’,& +:$"% B0,.3i7!+B+ 7$:)+3i!E70!!&, &2( "%:)+7+’-%@ :)+1("$ ’+-
",i’-%70!i 7 =(3!$* ,0A+)0#+)i&*, 3+-,$7+ 0’0:#%70#$ :i’ %3+7$ 7"()(’$!i
2+3:02#!$* =i). >+’iA!0 3+’$8i201i& ’+=7+,&@ +1i!$#$ 7:,$7 "()(’+7$M0 =i)
!0 :)+1("$ #0 B0,.3i7!( 7$:)+3i!E70!!&, M+ 5* "%:)+7+’-%@.

5+’), 6)(1)&&*, /"’7.’ ’) 8$+1,+’ &)%./(/0/
1/23i14+&&*

E:," 0+&$i0D:..- J "#7+)(!!& 270!#+7$* 3+’(,(9 ’,& +:$"% &’()!$* :)+-
1("i7 % 2+3:02#!$* =+)&* #0 5* ’+",i’-(!!&. C ’$"()#01i9!i9 )+A+#i ’+",i’-%-
E#."& :i2!+&’()!i )(021i5 7 2)$"#0,i?!$* K)0#20* !(9#)+!!$* =i) [33J35] #0
B0,.3i7!( 7$:)+3i!E70!!&, M+ "%:)+7+’-%@ :)+1("$ )+="i&!!& :)+#+!0 !0
’(9#)+!i [36] #0 !%2,+!i7 !0 0#+3!$* &’)0* 7 "()(’+7$Mi 2+3:02#!$* =i) [37].

F"20"..- 0+&$i0D:..-:

1. )+=)+A$#$ #(+)(#$?!% 3+’(,. +:$"% :i2!+&’()!$* )(021i9 7 "()(’+7$Mi
2+3:02#!$* =i) !0 +"!+7i 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7;
)+=)0*%70#$ 2+(8i1i@!#$ :)+!$2!+"#i A0)’@)0 #0 D7$’2+"#i :i2!+&’()-
!$* )(021i9; )+=)0*%70#$ 93+7i)!+"#i %#7+)(!!& "2,0’(!$* &’(); :+)i7-
!&#$ +#)$30!i )(=%,.#0#$ = :+:()(’!i3$ +1i!203$;

2. )+=)+A$#$ #(+)(#$?!% 3+’(,. +:$"% :)+1("% )+="i&!!& :)+#+!0 !0 ’(9-
#)+!i #0 ’+",i’$#$ B0,.3i7!( 7$:)+3i!E70!!&, M+ "%:)+7+’-%@ ’0!$9
:)+1("; 72,E?$#$ :0)03(#), M+ +:$"%@ ’(9#)+!, 7 3+’(,.; ’+",i’$#$
7:,$7 1.+B+ :0)03(#)0 !0 ":(2#) B0,.3i7!+B+ 7$:)+3i!E70!!&;

3. )+=)+A$#$ #(+)(#$?!% 3+’(,. +:$"% 0#+3!$* &’(), :+3iM(!$* 7 Mi,.!(
"()(’+7$M( 2+3:02#!$* =i); ’+",i’$#$ B0,.3i7!( 7$:)+3i!E70!!& 7 :)+-
1("0* )+="i&!!& !%2,+!i7 !0 0#+3!$* &’)0* 7 1$* %3+70*; +1i!$#$ 7:,$7
B%"#$!$ "()(’+7$M0 2+3:02#!$* =i) !0 B0,.3i7!( 7$:)+3i!E70!!&.
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G8’H’, 0+&$i0D:..-: 7=0@3+’i5 !%2,+!i7 #0 0#+3!$* &’() 7 "()(’+7$Mi
2+3:02#!$* =i), 270!#+7i (8(2#$, M+ 7$!$20E#. :)$ 1$* 7=0@3+’i&* #0 3(-
#+’$ 5* +:$"%. 6+3:02#!i =+)i. >i2!+&’()!i )(021i5 7 Mi,.!+3% "()(’+7$Mi
2+3:02#!$* =i). U0,.3i7!( 7$:)+3i!E70!!&, M+ "%:)+7+’-%@ :)+1("$ )+="i&-
!!& !%2,+!i7 !0 0#+3!$* &’)0* 7 "()(’+7$Mi 2+3:02#!$* =i).

I1:0;:, 0+&$i0D:..-: #(+)(#$?!i 3+’(,i, M+ +:$"%E#. 7=0@3+’iE 0#+3-
!$* &’() #0 !%2,+!i7 7 "()(’+7$Mi 2+3:02#!$* =i). H+’(,i +:$"% B0,.3i7!+-
B+ 7$:)+3i!E70!!&, M+ "%:)+7+’-%E#. )i=!i :)+1("$ )+="i&!!& !%2,+!i7 !0
0#+3!$* &’)0* 7 "()(’+7$Mi 2+3:02#!$* =i).

5+’/1- &)%./(/0/ 1/23i14+&&*

4 )+A+#i 7$2+)$"#0!+ 3(#+’$ (3:i)$?!+B+ #0 #(+)(#$?!+B+ )i7!& ’+",i’-(!-
!&. U+,+7!$3 3(#+’+3 @ 3+’(,E70!!& 7=0@3+’i9 0#+3!$* &’() 7 "()(’+7$Mi
2+3:02#!$* =i). H+’(,E70!!& K)%!#%@#."& !0 )+=7’&=2% =0’0?i G)(’i!B()0
’,& 0#+3!$* &’() 7 "()(’+7$Mi 2+3:02#!+5 =+)i.

;,& =0’0?i = :i2!+&’()!$3$ )(021i&3$ 7$2+)$"#+7%@#."& 3(#+’ A0B0#+)0=+-
7$* 7!%#)iD!i* 7i’A$##i7, M+ @ +’!$3 = 3(#+’i7 )+=7’&=2% =0’0?i #%!(,E70!!&
?()(= A0)’@).

;,& 3+’(,E70!!& :)+1("i7 7 =0’0?0* = B0,.3i7!$3 7$:)+3i!E70!!&3 7$-
2+)$"#+7%@#."& ’7+- #0 #)$-2,0"#()!i 3(#+’$, 0 #02+- 3+’(,. ’(8+)3+70!$*
+"1$,&#+)!$* +A+,+!+2. U0,.3i7!( 7$:)+3i!E70!!& +:$"%@#."& +:()0#+)+3
!0)+’-(!!& B0,.3i7!+B+ 8+#+!0 :i’ ?0" :)+1("% )+="i&!!& ?0"#$!+2, M+ 30-
E#. (,(2#)$?!$9 =0)&’, (,(2#)$?!$9 #0 30B!i#!$9 3+3(!#$.

;,& ?$"(,.!$* )+=)0*%!2i7 =0 :+A%’+70!$3$ 3+’(,&3$ 7$2+)$"#+7%@#."&
3(#+’ "2i!?(!!$* (,(3(!#i7 #0 3(#+’ )(=+!%E?$* B)%:. P(=%,.#0#$ )+=)0*%!-
2i7 :()(7i)&E#."& =0 ’+:+3+B+E 7$2+)$"#0!!& #("#i7 30#(30#$?!+B+ 0:0)0#%
270!#+7+5 3(*0!i2$, 0 ’( 1( 3+-,$7+ J D,&*+3 :+)i7!&!!& = !0&7!$3$ (2"-
:()$3(!#0,.!$3$ ’0!$3$.
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9)%./() &/(-6&) /’$-,)&-: $+6%3;’)’i(
1/23i14+&&*

C:()D( ’+",i’-(!+ :i2!+&’()!i )(021i5 =0 ’+:+3+B+E 270!#+7+-3(*0!i?!+B+
+:$"%. H(#+’ A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 ’+=7+,&@ 3+’(,E70#$ i )+=-
)0*+7%70#$ 8i=$?!i 7(,$?$!$ 7 +A,0"#&* #0 :)$ (!()Bi&*, :)$ &2$* i!Di 3(-
#+’$ 270!#+7+5 3(*0!i2$ (3i2)+"2+:i?!i ?$ 270=i2,0"$?!( C6N-!0A,$-(!!&)
:()("#0E#. :)01E70#$. L02$9 :i’*i’ ’+=7+,$7 :()()0*%70#$ D7$’2+"#i :i2!+-
&’()!$* )(021i9 7 2+3:02#!$* =+)&*.

C:()D( ’+",i’-(!+ B0,.3i7!( 7$:)+3i!E70!!& :)$ :)+#+!-’(9#)+!!+3%
)+="i&!!i !0 +"!+7i ’7+- #0 #)$-2,0"#()!+B+ 8+)30,i=3i7. C:()D( :+20=0!+
7:,$7 :0)03(#)i7 3+’(,i, &2i +:$"%E#. ’(9#)+!, !0 )+=)0*+70!i ":(2#)$ B0,.-
3i7!+B+ 7$:)+3i!E70!!& 7 ’0!+3% :)+1("i.

C:()D( ’+",i’-(!+ B0,.3i7!( 7$:)+3i!E70!!& :)$ )+="i&!!i !%2,+!i7 !0
0#+3!$* &’)0* 7 "()(’+7$Mi 2+3:02#!$* =i). C:()D( ’+",i’-(!+ 7:,$7 "()(-
’+7$M0 !(9#)+!!+5 =+)i !0 i!#(!"$7!i"#. B0,.3i7!+B+ 7$:)+3i!E70!!& 7 :)+-
1("0* )+="i&!!& !%2,+!i7 !0 0#+3!$* &’)0*.

<+/$+’-=&+ i 8$).’-=&+ 6&)=+&&* $+6%3;’)’i(
1/23i14+&&*

/+7i :)(’"#07,(!i 7 ’$"()#01i5 3+’(,i )+=D$)EE#. !0&7!$9 #(+)(#$?!$9 0:0-
)0# ’,& +:$"% &’()!$* :)+1("i7 :)$ (2"#)(30,.!$* %3+70*, M+ 30E#. 3i"1(
% 2+3:02#!$* =+)&*.

S+2)(30, =0 ’+:+3+B+E 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 )+=)+-
A,(!+ 3+’(,. ’,& +:$"% :i2!+&’()!$* )(021i9 7 "()(’+7$Mi 2+3:02#!$* =i).
>+A%’+70!0 3+’(,. 30@ :()(70B% !0’ :+:()(’!i3$ #(+)i&3$, &2i K)%!#%70,$"&
!0 270=i2,0"$?!+3% !0A,$-(!!i, 0 "03( 30@ D$)D% +A,0"#. =0"#+"%70!!& ’,&
(!()Bi9 7=0@3+’iE?$* 0#+3!$* &’() 7 2)$"#0,i?!i9 K)0#1i 2+3:02#!$* =i). S0
55 ’+:+3+B+E A%,+ )+=)0*+70!+ D7$’2+"#i :i2!+&’()!$* )(021i9 ’,& i=+#+:i7
20)A+!% XC + XC, ’( X = 10, 12, 14, 16, 18, 20, 22, 24. <+)30,i=3 #02+- ’+-
=7+,&@ ’+",i’$#$ :)+1(" =,$##& ’7+* 0#+3!$* &’() 20)A+!% ?()(= %#7+)(!!&
"2,0’(!+B+ &’)0 i )+=)0*%70#$ 9+B+ 93+7i)!i"#.. H+’(,. 3+-!0 7$2+)$"#0#$
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’,& i!D$* &’() #0 5* i=+#+:i7 (+2"$B(!%, !(+!%, 20,.1iE, 30B!iE, 8()%3%), &2i
:)$"%#!i 7 2)$"#0,i?!$* K)0#20* Ai,$* 20),$2i7 #0 !(9#)+!!$* =i).

P+=)+A,(!+ 3+’(,. ’,& +:$"% B0,.3i7!+B+ 7$:)+3i!E70!!& 7 :)+1("i )+="i&-
!!& :)+#+!0 !0 ’(9#)+!i. <+)30,i=3 ’+=7+,$7 )+=)0*%70#$ ":(2#) B0,.3i7!+-
B+ 7$:)+3i!E70!!& 7 =0,(-!+"#i 7i’ :0)03(#)i7 3+’(,i, &2i +:$"%E#. A%’+7%
’(9#)+!0 #0 !%2,+!-!%2,+!!% 7=0@3+’iE. F!0,i= :+20=%@, M+ 7:,$7 :0)03(-
#)i7 3+’(,i !0 )+=)0*+70!i ":(2#)$ B0,.3i7!+B+ 7$:)+3i!E70!!& =Ai,.D%@#."&
=i =Ai,.D(!!&3 (!()Bi5 :%?20. >+)i7!&!!& = !0&7!$3$ (2":()$3(!#0,.!$3$
’0!$3$ :+20=0,+ 7$"+2$9 =AiB #(+)(#$?!+ )+=)0*+70!$* :()()i=i7 B0,.3i7!+-
B+ 7$:)+3i!E70!!& = (2":()$3(!#+3. O#)$307D$ !+7i ’0!i ’,& B0,.3i7!+B+
7$:)+3i!E70!!& :)$ Ai,.D$* (!()Bi&* i :+)i7!EE?$ 5* = )(=%,.#0#03$ )+=)0-
*%!2i7 3+-!0 A%’( %#+?!$#$ 3+’(,..

H+’$8i2+70!+ 3+’(,. ’(8+)3+70!$* +"1$,&#+)!$* +A+,+!+2 ’,& +:$"%
0#+3!$* &’() 7 Mi,.!+3% "()(’+7$Mi 2+3:02#!$* =i). <+)30,i=3 ’+=7+,&@
)+=)0*%70#$ 7:,$7 30#()i5 =+)i !0 (!()BiE =7’&=2% 0#+3!+B+ &’)0. S0 ’+:+3+-
B+E 3+’(,i A%,+ ’+",i’-(!+ :)+1(" )+="i&!!& :)+#+!i7 #0 !(9#)+!i7 !0 0#+3-
!$* &’)0* 7 2+3:02#!$* =+)&*, #0 7$2+!0!+ )+=)0*%!2$ ":(2#)i7 B0,.3i7!+B+
7$:)+3i!E70!!& :)$ 1$* :)+1("0*. P+=)0*%!2$ :+20=0,$, M+ 7:,$7 30#()i5
Ai,$* 20),$2i7 !("%##@7$9 !0 :()()i=$ B0,.3i7!+B+ 7$:)+3i!E70!!&. >)$ 3+-
’(,E70!!i Ai,$* 20),$2i7 7$2+)$"#+7%70,$"& 8i=$?!i )i7!&!!&, &2i +:$"%E#.
I+!1( = 7$"+2+E #+?!i"#E. L02$3 ?$!+3, :+A%’+70!0 3+’(,. ’+=7+,&@ 0!0,i-
=%70#$ :)+1("$ )+="i&!!& !%2,+!i7 !0 0#+3!$* &’)0* #0 B0,.3i7!( 7$:)+3i-
!E70!!& :)$ 1$* :)+1("0* !0 I+!1i. >)$ 1.+3%, =Bi’!+ = )+=)0*%!203$, 7:,$7
"()(’+7$M0 !(9#)+!!$* =i) !0 :)+1("$ )+="i&!!& !%2,+!i7 !0 0#+3!$* &’)0*
#0 B0,.3i7!( 7$:)+3i!E70!!& :)$ 1$* :)+1("0* 2+,+"0,.!$9.
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()*+i, 1.

-./0$).i 1213$4 ’i30)5+16047
61/38i9 & 3)"’/3$047 *)657

4 1.+3% )+=’i,i )+=)+A,(!0 !+70 3+’(,. +:$"% :i2!+&’()!$* )(021i9 7 "()(-
’+7$Mi 2+3:02#!$* =i) !0 +"!+7i 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7
(NCC) [24, 25, 38J40].

/0 :+?0#2% )+=’i,% +2)(",(!$9 =0B0,.!$9 :)$!1$: 3(#+’% A0B0#+)0=+7$*
7!%#)iD!i* 7i’A$##i7 ’,& =0’0?i )+="i&!!& ?0"#$!2$ !0 :+#(!1i0,.!+3% A0)’@)i
’+7i,.!+5 8+)3$, #02+- !07(’(!i 9+B+ +"!+7i i’(5 #0 :)$!1$:$, !(+A*i’!i ’,&
)+=)0*%!2i7 03:,i#%’ *7$,.+7+5 8%!21i5, 2+(8i1i@!#i7 :)+!$2!+"#i #0 7i’A$##&
#0 +"!+7!i #("#$ ’,& :()(7i)2$ 1$* )+=)0*%!2i7. C$=!0?(!+ 93+7i)!+"#i =,$##&
&’() % #02+3% :i’*+’i.

;0,i :)(’"#07,(!+ %=0B0,.!(!!& 3(#+’% NCC :)$ +:$"i :i2!+&’()!$* )(0-
21i9 7 2+3:02#!$* =+)&* [1]. C 1$* )(021i&* =,$##& 7i’A%70@#."& 3i- 0#+3-
!$3$ &’)03$, &2i )+=#0D+70!i % "%"i’!i* 7%=,0* 2)$"#0,i?!$* K)0#+2 !(9-
#)+!!$* =i) #0 Ai,$* 20),$2i7. /+70 3+’(,. ’+=7+,&@ )+=)0*%70#$ D7$’2+"#i
:i2!+&’()!$* )(021i9 i :+)i7!&#$ 5* = )0!iD( +#)$30!$3$ +1i!203$ [41].

O)$Bi!0,.!$3 7!("2+3 ’+",i’-(!!& @ 3+-,$7i"#. 7$7?0#$ "$!#(= "2,0’(!$*
&’() % :i2!+&’()!$* )(021i&* #0 )0*%70#$ 93+7i)!+"#i 5* %#7+)(!!&. P0!iD(
#02$9 :)+1(" 7$7?07"& !0 +"!+7i (!()Bi5 !%,.+7$* 2+,$70!. 0#+3!$* &’() 7
2)$"#0,i?!$* K)0#20*, &2 7 )+A+#i [42].

C )+=’i,i ’+",i’-(!+ =0"#+"+7!i"#. 3+’(,i #0 55 :+)i7!&!!& = :+:%,&)!$3$
270=i2,0"$?!$3$ 3(#+’03$, &2i 7$2+)$"#+7%E#."& ’,& +:$"% :i2!+&’()!$*
)(021i9.
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1.1. 5+’/1 ")0)’/$)6/(-: (&%’$i>&i: (i1"-’’i(
( /8-2i *1+$&/-*1+$&/0/ $/62i*&&* 6
,/43-(i2’? 63-’’*

P+=B,&!(3+ )+="i&!!& +’!+B+ &’)0 !0 i!D+3% = 3+-,$7i"#E =0*+:,(!!&. V0-
"#$!20, M+ )+="iE@#."&, !0,i#0@ !0 :+#(!1i0,.!$9 A0)’@) ’+7i,.!+5 8+)3$,
&2$9 3+-!0 0:)+2"$3%70#$ 7(,$2+E 2i,.2i"#E N :)&3+2%#!$* "*+’$!+2 [24]

V (r) =






V1, :)$ rmin < r → r1 (+A,0"#. 1),

. . . . . .

VNcap, :)$ rNcap↑1 → r → rcap (+A,0"#. Ncap),

. . . . . .

VN , :)$ rN↑1 → r → rmax (+A,0"#. N),

(1.1)

’( Vj J 2+!"#0!#$ (j = 1...N). /(*09 :()D0 +A,0"#. A%’( 30#$ ,i7% 3(-% 7
#+?1i rmin (:)$ 1.+3% rmin → 0). >)$:%"#$3+, M+ =,$##& &’() 7i’A%70@#."& =
!09Ai,.D+E 93+7i)!i"#E 2+,$ ?0"#$!20 :+#)0:,&@ 7 +A,0"#. Ncap :i",& #%!(-
,E70!!& ?()(= A0)’@). >)$ 1.+3%, =07’&2$ !(:()()7!+"#i :+#+2i7 % 270!#+7i9
3(*0!i1i, i"!%@ 93+7i)!i"#. :+D$)(!!& *7$,. % 7!%#)iD!E +A,0"#., i 1(9 (8(2#
:+#)iA!+ 7)0*+7%70#$. P+=7’&=+2 )0’i0,.!+5 *7$,.+7+5 8%!21i5 (’+ 55 !+)3%70-
!!&) ’,& (!()Bi9, 7$M$* =0 7$"+#% A0)’@)0, 30@ 7$B,&’

ω(r) =






ε1 e
ik1r + ϑ1 e

↑ik1r, :)$ rmin < r → r1 (+A,0"#. 1),

ε2 e
ik2r + ϑ2 e

↑ik2r, :)$ r1 → r → r2 (+A,0"#. 2),

. . . . . .

εN↑1e
ikN→1r + ϑN↑1e

↑ikN→1r, :)$ rN↑2 → r → rN↑1 (+A,0"#. N ↑ 1),

e
↑ikNr + AR e

ikNr
, :)$ rN↑1 → r → rmax (+A,0"#. N),

(1.2)
’( εj #0 ϑj J !(7i’+3i 03:,i#%’$, AR J !(7i’+30 03:,i#%’0 :+7!+B+ 7i’A$-

##&, kj =
1

⊋

√
2m(Ẽ ↑ Vj) J 2+3:,(2"!i *7$,.+7i ?$",0. 43+70 !+)3%70!!&

:+,&B0@ 7 #+3%, M+A 3+’%,. 03:,i#%’$ :0’0E?+5 *7$,i e↑ikNr ’+)i7!E707 +’$-
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!$1i. H+-!0 =!09#$ )+=7’&=+2 1i@5 =0’0?i =0 ’+:+3+B+E 3(#+’% A0B0#+)0=+7$*
7!%#)iD!i* 7i’A$##i7.

6+-!% *7$,E !0 ’+7i,.!+3% (#0:i 3+-!0 :)(’"#07$#$ &2 ’+A%#+2 e
±ikjr #0

!(7i’+3+5 03:,i#%’$. F3:,i#%’0 *7$,i, M+ :)+9D,0 3(-% = !+3()+3 j, =0:$"%-
@#."& &2 ’+A%#+2 03:,i#%’$ :0’0E?+5 *7$,i #0 !+7+B+ 802#+)0 T±

j J 03:,i#%’$
:()(*+’% ?()(= 3(-% = !+3()+3 j. /$-!i9 i!’(2" 720=%@ !+3() 3(-i, 7()*!i9
i!’(2" + 0A+ ↑ 720=%@ !0:)&3+2 :0’0E?+5 *7$,i: 7:)07+ 0A+ 7,i7+ 7i’:+7i’!+.
F3:,i#%’0 7i’A$#+5 7i’ 3(-i *7$,i = !+3()+3 j =7’&=0!0 = 03:,i#%’+E :0’0-
E?+5 !0 1E 3(-% *7$,i ?()(= !+7i 3!+-!$2$ R

±

j . 6+(8i1i@!#$ T
±

1 . . . T
±

N↑1 #0
R

±

1 . . . R
±

N↑1 3+-!0 =!09#$ = !0"#%:!$* )(2%)(!#!$* ":i77i’!+D(!., +#)$30-
!$* )0!iD( % [30]

T
+
j =

2kj
kj + kj+1

e
i(kj↑kj+1)rj , T

↑

j =
2kj+1

kj + kj+1
e
i(kj↑kj+1)rj ,

R
+
j =

kj ↑ kj+1

kj + kj+1
e
2ikjrj , R

↑

j =
kj+1 ↑ kj

kj + kj+1
e
↑2ikj+1rj . (1.3)

6,E?+7$3 0":(2#+3 % 8+)30,i=3i NCC ’,& A0)’@)0 = ’i9"!+ 7(,$2+E 2i,.-
2i"#E "*+’$!+2 (7i’ 1000 ’+ 1000000 #02$* "*+’$!+2 ’,& 0:)+2"$301i5 :+#(!-
1i0,%) @ )+=)0*%!+2 "%30)!$* *7$,. ’,& ’+7i,.!+5 +A,0"#i. R7$,&, M+ :)$-
*+’$#. 7 +A,0"#. = !+3()+3 j ↑ 1, "8+)3+70!0 7"i30 3+-,$7$3$ :0’0E?$3$
*7$,&3$ !0 A0)’@) 7 2++)’$!0#i rj↑1, M+ %#7+)(!i :i",& 7"i* 7i’A$##i7 #0 :)+-
*+’-(!. *7$,. % :)07% +A,0"#. 7i’ 1.+B+ A0)’@)0. F3:,i#%’0 #02+5 "%30)!+5
*7$,i 7$=!0?(!0 "%3+E 03:,i#%’ %"i* :0’0E?$* *7$,. !0 A0)’@) % #+?1i rj↑1,
:+3!+-(!$* !0 T

↑

j↑1, &2

T̃
↑

j↑1 = T̃
↑

j T
↑

j↑1

(
1 +

+↓∑

m=1

(R↑

j↑1R̃
+
j )

m
)
=

T̃
↑

j T
↑

j↑1

1↑R
↑

j↑1R̃
+
j

. (1.4)

>+7!0 03:,i#%’0 7i’A$##& R̃
+
j 3i"#$#. 7 "+Ai 7"i *7$,i, M+ :)+*+’&#. ?()(=

3(-% 7 2++)’$!0#i rj, &2i :+D$)EE#."& 7:)07+ i :+#i3 :i",& 7i’A$##& #0 :)+-
*+’-(!!& :+7()#0E#."& 7 +A,0"#. = !+3()+3 j

R̃
+
j↑1 = R

+
j↑1 +

T
+
j↑1R̃

+
j T

↑

j↑1

1↑ R̃
+
j R

↑

j↑1

. (1.5)
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F3:,i#%’$ R̃
+
N↑1 . . . R̃N+

cap
#0 T̃

+
N↑1 . . . T̃N+

cap
7$=!0?0E#."& =0 ’+:+3+B+E )(2%-

)(!#!$* ":i77i’!+D(!. (1.4) #0 (1.5), = :+?0#2+7+E %3+7+E

R̃
+
N↑1 = R

+
N↑1, T̃

↑

N↑1 = T
↑

N↑1. (1.6)

F3:,i#%’0 "%30)!+5 7i’A$#+5 *7$,i 7 #+?1i rj+1, &20 :+D$)E@#."& 7,i7+

R̃
↑

j+1 = R
↑

j+1 +
T

↑

j+1R̃
↑

j T
+
j+1

1↑R
+
j+1R̃

↑

j

. (1.7)

I%30)!0 03:,i#%’0 AT,bar :)+*+’-(!!& ?()(= A0)’@) #0 "%30)!0 03:,i#%’0
AR,bar 7i’A$##& 7i’ A0)’@)0 7$=!0?0@#."& =0 ’+:+3+B+E 7"i* *7$,., M+ :)+9D,$
+A,0"#. A0)’@)% 7i’ rcap ’+ rN↑1, #02$3 ?$!+3:

AT,bar = T̃
↑

Ncap
, AR,bar = R̃

↑

N↑1, ’( R̃
↑

Ncap
= R

↑

Ncap
. (1.8)

1.1.1. ’567i89:;, <=>?i@iAB8; 6C=D=:E>BBF 8G Hi:I;88F
Hi:B=JB= IGC’AC9, 6>C>HiC<G

H+-!0 =!09#$ "%3% 7"i* 03:,i#%’ AR,ext *7$,., M+ 7i’A$,$"& 7i’ :+#(!1i0,.-
!+B+ A0)’@)0 ==+7!i (7i’ =+7!iD!.+5 #+?2$ :+7+)+#% rtp,ext ’+ rN↑1) #0 :+D$-
)E70,$"& !0=+7!i (M+ 3+-!0 "*0)02#()$=%70#$ &2 )+="i&!!& !0 :+#(!1i0,i)
#02$3 ?$!+3

AR,ext = R̃
↑

N↑1, ’( R̃
↑

Ntp,ext
= R

↑

Ntp,ext
, (1.9)

#0 "%30)!% 03:,i#%’% AR,tun 7"i* *7$,., M+ 7i’A$,$"& 7i’!+"!+ +A,0"#i :+-
#(!1i0,% 7i’ rcap ’+ =+7!iD!.+5 #+?2$ :+7+)+#% rtp,ext (i!D$3$ ",+703$, 7+!$
:)+9D,$ ?()(= +A,0"#. =+7!iD!.+B+ :+#(!1i0,% (A(= 7i’A$##i7), :)+#%!(,E-
70,$ :i’ A0)’@)+3, = 3+-,$7$3 :)+*+’-(!!&3 ’+ 3(-i 7 #+?1i rcap #0 :+#i3
7i’A$,$"& !0=0’)

AR,tun = AR,bar ↑ AR,ps. (1.10)

O1i!$3+ 03:,i#%’% +"1$,&1i9 Aosc 7 +A,0"#i = !+3()+3 Ncap, ’( 7i’A%70@#."&
=,$##&, &2

Aosc(Ncap) =
1

1↑ R̃
↑

Ncap↑1R̃
+
Ncap

. (1.11)
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L(:() 7$=!0?$3+ 2+(8i1i@!#$ :)+!$2!+"#i Tbar #0 7i’A$##& Rbar 7i’!+"!+ 7".+-
B+ A0)’@)0 (#+A#+ +A,0"#i :+#(!1i0,% 7i’ rcap ’+ rN↑1) #0 ’+’03+ #02+- 7$=!0-
?(!!& ’,& 2+(8i1i@!#i7 Rext 7i’A$##& 7i’ =+7!iD!.+5 ?0"#$!$ A0)’@)0 (#+A#+
+A,0"#i 7i’ rtp,ext ’+ rN↑1), 2+(8i1i@!# Rtun 7i’A$##& 7i’ +A,0"#i A0)’@)0 (#+A#+
+A,0"#i 7i’ rcap ’+ rtp,ext) &2

Tbar =
kcap

kN

∣∣AT,bar

∣∣2, Rbar =
∣∣AR,bar

∣∣2,

Rext =
∣∣AR,ext

∣∣2, Rtun =
∣∣AR,tun

∣∣2. (1.12)

43+70, M+ :()(7i)&@ :)07$,.!i"#. )(=%,.#0#i7 :+)0*+70!$* 3(#+’+3 NCC

Tbar +Rbar = 1. (1.13)

;,& "%3 03:,i#%’ 7 +A,0"#i = !+3()+3 j 30@3+

ϑj ↔

∑

i=1

ϑ
(i)
j = T̃

↑

j

(
1 +

∑

i=1

(R̃j↑1R̃
+
j )

i
)
=

T̃
↑

j

1↑ R̃j↑1R̃
+
j

,

εj ↔

∑

i=1

ε
(i)
j = R̃j↑1

∑

i=1

ϑ
(i)
j =

R̃j↑1T̃
↑

j

1↑ R̃j↑1R̃
+
1

. (1.14)

1.1.2. K5=HiCBiJ8L iJB9HGBBF J<7G:>B=M= F:CG

;,& )+=)0*%!2% 93+7i)!+"#i i"!%70!!& "2,0’(!+B+ &’)0, 7$=!0?0@3+ i!#(B)0,
7i’ 270’)0#0 *7$,.+7+5 8%!21i5 % 7!%#)iD!i9 +A,0"#i A0)’@)0. W& +A,0"#. =!0-
*+’$#."& 3i- ’7+30 7!%#)iD!i3$ #+?203$ :+7+)+#% rint,1 #0 rint,2. C +A,0"#i
!0’A0)’@)!$* (!()Bi9 30@3+

rint,2∫

rint,1

|ω(r)|2dr =
nint∑

j=1

rj∫

rj→1

∣∣∣
∑

i=1

ε
(i)
j e

ikjr +
∑

i=1

ϑ
(i)
j e

↑ikjr
∣∣∣
2
dr =

=
nint∑

j=1

{(
|εj|

2 + |ϑj|
2
)
#r +

|εjϑj|

kj
sin

(
ϖωj ↑ ϖεj + 2kjr

)∣∣∣
rj

rj→1

}
, (1.15)

’( ϖωj #0 ϖεj J 1( 80=$ 03:,i#%’ εj #0 ϑj 7i’:+7i’!+. X2M+ :)+"#+)+70 +A,0"#.
72,E?0@ #%!(,E70!!&, #+ 7$M(!07(’(!i 8+)3%,$ :+7$!!i A%#$ :()(:$"0!i 7
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2+3:,(2"!i9 8+)3i (#%# kj J 2+3:,(2"!i ?$",0)

rint,max∫

0

|ω(r)|2 dr =

nint,max∑

j=1

rj∫

rj→1

∣∣εje
ikjr + ϑje

↑ikjr
∣∣2 dr =

=

nint,max∑

j=1

{(
|εj|

2 + |ϑj|
2
)
#r +

εjϑ
↗

j

2ikj
e
2ikjr

∣∣∣
rj

rj→1

↑
ε
↗

jϑj

2ikj
e
↑2ikjr

∣∣∣
rj

rj→1

}
. (1.16)

C$=!0?$3+ 93+7i)!i"#. i"!%70!!& "2,0’(!+B+ &’)0 ?()(= i!#(B)0, (1.16), :+-
)0*+70!$9 % :)+"#+)+7i9 +A,0"#i 3i- ’7+30 #+?203$ :+7+)+#% (’( 7!%#)iD!&
#+?20 :+7+)+#% 7$=!0?0@#."& &2 #+?20 :+7+)+#% ’,& :i’A0)’@)!$* (!()Bi9, 0A+
&2 2++)’$!0#0 302"$3%3% A0)’@)0 ’,& !0’A0)’@)!$* (!()Bi9)

Pcn ↔

rint,2∫

rint,1

|ω(r)|2 dr =
nint∑

j=1

{(
|εj|

2 + |ϑj|
2
)
#r+

+
εjϑ

↗

j

2ikj
e
2ikjr

∣∣∣
rj

rj→1

↑
ε
↗

jϑj

2ikj
e
↑2ikjr

∣∣∣
rj

rj→1

}
. (1.17)

4 7$:0’2% !09:)+"#iD+B+ A0)’@)0, &2 % [43], 3+-!0 =0:$"0#$ Pcn(E) #02

P
(!"# #$%&&’)

cn
= Posc Tbar Ploc,

Posc = |Aosc|
2 =

(k + k1)2

2k2(1↑ cos(2k1r1)) + 2k21 (1 + cos(2k1r1))
,

Tbar ↔
k1

k2

∣∣T↑

1

∣∣2,

Ploc = 2
k2

k1

(
r1 ↑

sin(2k1r1)

2k1


. (1.18)

>+)i7!EE?$ 8+)3%,% (1.17) = )i7!&!!&3 (1.18), A0?$3+, M+ )i7!&!!& (1.17)
"2,0’!iD(. /(3+-,$7+ :)(’"#07$#$ 1( )i7!&!!& &2 ’+A%#+2 7i’ #).+* 2+(8i1i-
@!#i7 :)+!$2!+"#i, +"1$,&1i9 #0 ,+20,i=01i5, &2 :+20=0!+ 7 )i7!&!!& (1.18) (M+
7i’:+7i’0@ i’(5 U03+70, =0"#+"+70!+5 ’+ =7+)+#!+B+ :)+1("%, #+A#+, ε-)+=:0’%
&’)0, &2 :)+"#+ 3!+-(!!& ’7+* 802#+)i7 +"1$,&1i5 #0 :)+!$2!+"#i). <+)3%,0
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’,& D7$’2+B+ =,$##& % 7$:0’2% !09:)+"#iD+B+ A0)’@)0

P
(()%*+" #$%&&’)

cn
=

∣∣∣
∑

i=1

ϑ
(i)
1

∣∣∣
2

r1∫

0

∣∣∣R0e
ik1r + e

↑ik1r
∣∣∣
2
dr =

∣∣T↑

1

∣∣2 r1 =
k2 r1

k1
Tbar.

(1.19)

1.1.3. 1>C>CiN 8G <=>?i@iAB8; N7;88F

I#0!’0)#!( 7$=!0?(!!& :()()i=% =,$##& ϱfus, 7$=!0?(!( !0 +"!+7i :)+!$2!+-
"#i A0)’@)0 Tbar,1 #0 93+7i)!+"#i =,$##& Pl (&2( 7i’A%70@#."&, &2 #i,.2$ &’)+
:)+#%!(,E70,+ ?()(= A0)’@)), 30@ !0"#%:!$9 7$B,&’

ϱfus(E) =
+↓∑

l=0

ϱl(E), ϱl(E) =
ς⊋2
2mE

(2l + 1)Tbar, l(E)Pl, (1.20)

’( ϱl J :0)1i0,.!i :()()i=$ =,$##& :)$ l, E J (!()Bi& 7i’!+"!+B+ )%*% 3i-
&’)03$. ;,& 7$7?(!!& "2,0’(!+B+ &’)0 77(’(3+ !+7( 7$=!0?(!!& :()()i=% =,$-
##& 7 #()3i!0* i3+7i)!+"#i i"!%70!!& "2,0’(!+B+ &’)0 (1.17)

ϱl =
ς⊋2
2mE

(2l + 1) fl(E)Pcn(E), (1.21)

’( fl(E) J !+7$9 802#+), &2$9 !(+A*i’!$9 ’,& :+@’!0!!& 93+7i)!+"#i Pcn(E),
:)+!$2!+"#i Tbar,l(E) #0 "#0)+B+ 802#+)0 =,$##& Pl. ;,& =!0*+’-(!!& #+?!+B+
7$)0=% 1.+B+ 2+(8i1i@!#%, )+=B,&!(3+ 7$:0’+2 :+7!+B+ =,$##& +:$"0!+B+ "#0-
)+E 8+)3%,+E. >+’iA!$9 )(=%,.#0# :+7$!(! ’0#$ 2+(8i1i@!# :)$ 2+(8i1i@!#0*
=,$##&, M+ ’+)i7!EE#. +’$!$1i. O#)$30@3+

f(E) =
kcap

kN |rcap ↑ rtp,in, 1|
. (1.22)

L(:(), M+A 7$7?$#$ 8+)3%70!!& "2,0’(!+B+ &’)0 = :+7i,.!$3 =,$##&3, 70)i-
E@3+ 1i 2+(8i1i@!#$ =,$##& % :)+"#+)+7i9 +A,0"#i 3i- #+?2+E =0*+:,(!!& rcap

#0 ’)%B+E 7!%#)iD!.+E #+?2+E :+7+)+#% rint,2.
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1.2. @)2’/2%()&&* A/$,)3i6,% BCC 13*
8i.&/*1+$&-: $+).DiE ( ./,8).’&-: 6/$*:

U+,+7!+E =0’0?(E 1.+B+ )+=’i,% "#+5#. ’+",i’-(!!& D7$’2+"#(9 :i2!+&’()-
!$* )(021i9 7 "()(’+7$M0* 2+3:02#!$* =i). /0 7i’3i!% 7i’ #()3+&’()!$* )(0-
21i9, 7 &2$* =,$##& ,(B2$* 0#+3!$* &’() 7i’A%70@#."& :)$ ’+"&B!(!!i #(3:(-
)0#%)$ :,0=3$ ’("&#2i7 #0 "+#(!. #)$,.9+!i7 B)0’%"i7 2(,.7i!0, :i2!+&’()!(
B+)i!!& 7i’A%70@#."& 7 Mi,.!$* &’)0* Ai,$* 20),$2i7 [26] #0 2+)i !(9#)+!!$*
=i) [41, 44] :)$ !(7(,$2$* #(3:()0#%)0*. 4 [45] ’+",i’-(!i D7$’2+"#i :i2!+-
&’()!$* )(021i9, &2i 7i’A%70E#."& :)$ (!()Bi5 !%,.+7$* 2+,$70!. 0#+3!$*
&’() 7 K)0#1i.

P0!iD( [46] A%,$ ’+",i’-(!i #02i )(021i5 ’,& =,$##& 20)A+!% #0 +2"$B(!% !0
+"!+7i 3i2)+"2+:i?!+B+ 8+)30,i=3% =0 ’+:+3+B+E 0"#)+8i=$?!$* S-802#+)i7.
C )+A+#i [47] A%,$ +1i!(!i S-802#+)$ ’,& 946 )(021i9 =,$##& ’,& A0B0#$*
!(9#)+!03$ i=+#+:i7 C, O #0 Mg :)$ (!()Bi5 7 "$"#(3i 1(!#)0-30" 7i’ 2 ’+ 30
H(C.

4 1.+3% :i’)+=’i,i A%’( ’+",i’-(!0 3+-,$7i"#. =0"#+"%70!!& 3(#+’% NCC
’,& :i2!+&’()!$* )(021i9, 0’-( 1(9 3(#+’ ’+=7+,&@ 7)0*%70#$ 270!#+7i :+#+-
2$ % 7!%#)iD!i9 +A,0"#i :+#(!1i0,%, M+ !(3+-,$7+, !0:)$2,0’, ’,& 3(#+’i7
!0 +"!+7i C6N-!0A,$-(!!&.

1.2.1. 1=8>B@iG7 HNGA5=:iO 5iE F:CG5;

C$=!0?$3+ :+#(!1i0, 7=0@3+’i5 3i- !%2,+!03$ &2

V (r) = vc(r) + vN(r) + vl=0(r), (1.23)
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’( vc(r), vN(r) #0 vl(r) J 2%,+!i7".20, &’()!0 #0 7i’1(!#)+70 2+3:+!(!#$ 30-
E#. 7$B,&’:

vN(r) = ↑
VR

1 + exp


r ↑RR

aR

 , vl(r) =
l (l + 1)

2mr2
,

vc(r) =






Ze
2

r
, :)$ r ↘ Rc,

Ze
2

2Rc


3↑

r
2

R2
c


, :)$ r < Rc,

(1.24)

#%# VR = ↑75 H(C J "$,0 &’()!+5 2+3:+!(!#$, Rc #0 RR J 2%,+!i7".2$9 #0
&’()!$9 )0’i%" ’7+&’()!+5 "$"#(3$, aR J ’$8%=!$9 :0)03(#). >)$ )+=)0*%!-
20* A%’( 7$2+)$"#+7%70#$"&

RR = rR (A1/3
1 + A

1/3
2 ), Rc = rc (A

1/3
1 + A

1/3
2 ), aR = 0.44 83,

rR = 1.30 83, rc = 1.30 83. (1.25)

1.2.2. +i:J8GBL 5iE F:CG5; H N=CFBiP 5G8>CiO

C 2+3:02#!$* =+)&* J Ai,$* 20),$20* #0 !(9#)+!!$* =+)&* J :)$"%#!i 2)$-
"#0,i?!i "#)%2#%)$ =Bi’!+ = ’+",i’-(!!&3$ [1, 48]. ;,& =0"#+"%70!!& 3(#+’%
NCC ’+ :i2!+&’()!$* )(021i9 !(+A*i’!+ +1i!$#$ 7i’"#0!. 3i- 0#+3!$3$ &’)0-
3$ 7 :+’iA!$* )(Di#20*.

>+=!0?$3+ 7i’"#0!. 3i- ’7+30 A,$=.2$3$ &’)03$, =08i2"+70!$3$ 7 K)0#1i,
&2 2R0, i :+3i"#$3+ 3i- 1$3$ &’)03$ Y)+="i&!(Z &’)+ (0!0,+Bi?!+ ’+ [45]).
U%"#$!% φ0 % "8()i, M+ +#+?%@ +’!( &’)+ )(Di#2$, 3+-!0 =!09#$ &2 ":i77i’!+-
D(!!& 30"$ mA &’)0 ’+ +A’@3% VA 7"()(’$!i 1i@5 "8()$, M+ 3+-!0 =0:$"0#$
&2

φ0 =
M

V
=

mA

VA
=

Amu

4/3 ςR
3
0

, (1.26)

’(
R0 =

(
Amu

4/3 ς φ0

)1/3
, (1.27)

#%# mu J 30"0 !%2,+!0, 0 A J 30"+7( ?$",+ &’)0.
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T,(3(!#0)!+ )+=)0*+7%@#."& i 2+!1(!#)01i& !%2,+!i7 nA:
(
φ0 = Amu · nA

)
≃

(
nA =

φ0

Amu

)
. (1.28)

1.3. F-&’+6 +3+,+&’i( 6 i6/’/8i( .)$"/&% (
8i.&/*1+$&-: $+).Di*:

1.3.1. 1=8>B@iG7 HNGA5=:iO 5iE B9<7=BG5; 9 H9N7GD
QCG8<;

C$2+)$"#+7%E?$ )i7!&!!& (1.23) #0 (1.24) :+)0*+70!i :+#(!1i0,$ 7=0@3+’i5
’7+* i=+#+:i7 XC % 7%=,0* K)0#2$. C+!$ :)(’"#07,(!i !0 )$"%!2% 1.1 #0 7
#0A,$1i 1.1.

P$". 1.1.: >+#(!1i0, 7=0@3+’i5 V (r) ’7+* "%"i’!i* i=+#+:i7 XC 7 2)$"#0,i?!i9
K)0#1i 2+3:02#!+5 =+)i. >+#(!1i0,$ :+A%’+70!i !0 +"!+7i )i7!&!. (1.23) #0
(1.24).
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XC + XC rmin, 83 Vmin, C rmax, 83 Vmax, H(C R0, 83 nA, 10↑7 83↑3

10C + 10C 3,36 ↑62, 157 7,98 +6, 249 87,06 3,617 027 31
12C + 12C 3,64 ↑63, 018 8,33 +5, 972 92,52 3,014 189 41
14C + 14C 3,92 ↑63, 702 8,68 +5, 743 97,40 2,583 590 92
16C + 16C 4,20 ↑64, 258 8,96 +5, 552 101,83 2,260 642 06
18C + 18C 4,48 ↑64, 726 9,24 +5, 386 105,91 2,009 459 61
20C + 20C 4,62 ↑65, 133 9,52 +5, 242 109,69 1,808 513 65
22C + 22C 4,90 ↑65, 483 9,80 +5, 115 113,23 1,644 103 31
24C + 24C 5,04 ↑65, 792 10,08 +5, 001 116,57 1,507 094 70

L0A,. 1.1.: >0)03(#)$ :+#(!1i0,i7 7=0@3+’i5 i=+#+:i7 20)A+!% X[C] :)$ 7=0@-
3+’i5 % 7%=,0* 2)$"#0,i?!+5 K)0#2$. L02+- !07(’(!0 7i’"#0!. R0 3i- 0#+303$
#0 2+!1(!#)01i& i=+#+:i7 7 K)0#1i. P+=)0*%!2$ :)+7(’(!i ’,& :+#(!1i0,% !0
+"!+7i )i7!&!. (1.23) #0 (1.24). I=+#+:$ 7$A)0!i ’,& :+)i7!&!!& = )+A+#+E [47],
’( !07(’(!i D7$’2+"#i )(021i9 !0 +"!+7i 0"#)+8i=$?!$* S-802#+)i7 ’,& )i=!$*
i=+#+:i7. U%"#$!0 7 1(!#)i =+)i φcr = 6 · 109 B/"33.

P$". 1.2.: 6+(8i1i@!# :)+!$2!+"#i T A0)’@)% 7 =0,(-!+"#i 7i’ )+=#0D%70!!&
#+?2$ =,$##& &’() rcap % 7!%#)iD!i9 +A,0"#i :+#(!1i0,% ’,& )(021i5 12C+ 12C.
>+#(!1i0, #0 :0)03(#)$ 7$=!0?(!i )i7!&!!&3$ (1.23) #0 (1.24). P+=)0*%!2$
:)+7(’(!i =0 (!()Bi5 E = 0, 58 H(C, M+ :()(7$M%@ 7$"+#% A0)’@)0 !0 #E =
0, 02 H(C.
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1.3.2. 1C=B;<BiJ8L IGC’ACG

/0 :)$2,0’i )(021i5 12C+12C :+)0*+70!$9 2+(8i1i@!# :)+!$2!+"#i :+#(!1i0,.-
!+B+ A0)’@)0. /0 )$"%!2% 1.2 )+=)0*%!2$ :)+7(’(!+ =0 (!()Bi5 E = 0, 58 H(C
(!0’,$D+2 1i@5 (!()Bi5 !0’ :+#(!1i0,+3 E0 = 0, 021 H(C :)$ r = R0). >)070
?0"#$!0 ,i!i5 !0 )$"%!2% 7i’:+7i’0@ 7!%#)iD!i9 #+?1i :+7+)+#%, #+A#+ 7$:0’-
2%, 2+,$ ,i70 ?0"#$!0 +A,0"#i :+#(!1i0,% =0A+)+!(!0 ,i7+E B)0!$1(E +A,0"#i
#%!(,E70!!&. O#)$30!i )(=%,.#0#$ =AiB0E#."& = +A?$",(!!&3$ =0 ’+:+3+B+E
C6N-!0A,$-(!!&. >)+#( ’(#0,.!$9 0!0,i= (2":()$3(!#0,.!$* ’0!$* [40, 43]
:+20=%@, M+ :)+1(" =,$##& !09Ai,.D 93+7i)!+ 7i’A%70@#."& % 7!%#)iD!i9 +A,0-
"#i !0 :(7!i9 7i’"#0!i 7i’ #+?2$ :+7+)+#%. L02$9 :i’*i’ ’0@ #+?!iD$9 +:$"
270!#+7$* :+#+2i7 % 7!%#)iD!i9 +A,0"#i. Pi=!$1& 3i- C6N-!0A,$-(!!&3 #0
3(#+’+3 NCC:

C6N-!0A,$-(!!&: rcap = rtp, 2 = 6, 84583, T (,-.)

bar
= 2, 255 · 10↑32

,

3(#+’ NCC: rcap = rmin = 3, 64383, T (.,,)

bar
= 1, 191 · 10↑32

. (1.29)

>+)i7!EE?$ 2+(8i1i@!# :)+!$2!+"#i A0)’@)0 +#)$30!+B+ =0 ’+:+3+B+E 3(#+’%
NCC #0 C6N-!0A,$-(!!& 30@3+ =3i!% % T

(,-.)

bar
/T

(.,,)

bar
= 2.255 · 10↑32

/1.191 ·

10↑32 = 1.893 )0=$.

1.3.3. K5=HiCB=J8i 98H=C>BBF J<7G:>B;D F:>C 9
6i<B=F:>CB;D C>G<@iFD

F!0,i= )0!iD( [35] :+20=07, M+ 2+(8i1i@!#$ :)+!$2!+"#i #0 7i’A$##& =Ai,.D%-
E#."& 3+!+#+!!+ = (!()Bi@E !0,i#0E?+B+ &’)0.

W( +=!0?0@, M+ 2+(8i1i@!#$ :)+!$2!+"#i #0 7i’A$##& "03i :+ "+Ai !( 3+-%#.
720=%70#$ !0 3+-,$7( i"!%70!!& 70-2$* &’(), M+ 3+-%#. "$!#(=%70#$"& %
:i2!+&’()!$* )(021i&* % =+)&*. L020 :+7(’i!20 1$* *0)02#()$"#$2 %=B+’-%@-
#."& = 0!0,i=+3 =0*+:,(!!& ε-?0"#+2 &’)03$ [40, 43].

L02+- i"!%@ 3+-,$7i"#. %#7+)(!!& "2,0’(!+B+ &’)0. /0 )$"%!2% 1.3 :+20-
=0!i #02i 93+7i)!+"#i %#7+)(!!& "2,0’(!+B+ &’)0 7 )(021i&* i=+#+:i7 20)A+!%
XC+ XC. /0 )$"%!2% 1.3 ?i#2+ 7$’!+ !0&7!i"#. 302"$3%3i7. H+-!0 =)+A$#$
7$"!+7+2, M+ %#7+)(!!& "2,0’(!+B+ &’)0 :)$ 1$* (!()Bi&* Ai,.D 93+7i)!(,
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P$". 1.3.: [3+7i)!+"#i Pcn %#7+)(!!& "2,0’(!+B+ &’)0 7 =0,(-!+"#i 7i’ (!()Bi5
Efull !0,i#0E?+B+ i=+#+:% 20)A+!% 7 )(021i&* 10C+ 12C, 12C+ 10C (0), 14C+ 14C,
16C + 16C (A), 18C + 18C, 20C + 20C (7) #0 22C + 22C, 10C + 10C (B). >0)03(#)$
:+#(!1i0,% 7$=!0?(!i 7 )i7!&!!&* (1.23) #0 (1.24).

28



! 10C + 10C 12C + 12C 14C + 14C 16C + 16C 18C + 18C 20C + 20C 22C + 22C 24C + 24C
1 0,63471 4,88176 9,06212 7,27054 6,37475 5,47896 5,18036 4,58317
2 15,33267 11,45090 16,52705 13,83968 11,74950 10,55511 9,06212 8,46493
3 26,38076 20,40882 25,78357 21,90180 18,31864 16,52705 14,43687 13,24248
4 40,11623 31,45691 36,23447 30,85972 26,38076 23,69339 20,70741 19,21443
5 55,04609 43,69940 47,58116 40,71343 34,74148 31,15832 27,57515 25,48497
6 71,76754 57,13627 59,82365 51,46293 43,99800 39,51904 35,04008 32,35271
7 89,68337 71,76754 72,96192 62,80962 53,85170 48,47695 42,80361 39,81764
8 109,39078 87,29459 86,99599 74,75351 64,30261 57,73347 51,16433 47,58116
9 130,29259 104,01603 101,62725 87,59319 75,35070 67,88577 60,12224 55,64329
10 – 121,93186 117,45291 101,03006 86,99599 78,03808 69,37000 64,30261
11 – – 134,17435 115,36273 98,93988 89,08617 79,23246 72,96192
12 – – – 130,29259 112,07816 100,43287 89,08617 82,51703
13 – – – 146,11824 125,21643 112,37675 99,83567 92,07214
14 – – – – 139,25050 124,91784 110,88377 102,22445
15 – – – – – 137,75752 122,23046 112,67535
16 – – – – – – 134,17435 123,42485
17 – – – – – – 146,11824 134,77154
18 – – – – – – – 146,11824

L0A,. 1.2.: >()Di 270=i=7’&=0!i "#0!$ ’,& )(021i9 i=+#+:i7 20)A+!% 10C, 12C,
14C, 16C, 18C, 20C, 22C #0 24C, )+=)0*+70!i =0 ’+:+3+B+E 3(#+’% A0B0#+)0=+7$*
7!%#)iD!i* 7i’A$##i7 ’,& (!()Bi5 :0’0E?+B+ &’)0 ’+ 150 H(C.

!i- :)$ (!()Bi&* !%,.+7$* 2+,$70!.. Wi 302"$3%3$ 3+-!0 :+&"!$#$ 7)0*%-
70!!&3 270!#+7$* :+#+2i7 % 7!%#)iD!i9 +A,0"#i :+#(!1i0,%.

C #0A,$1i 1.2 !07(’(!i (!()Bi5 270=i=7’&=!$* "#0!i7 ’,& )(021i9 = i=+#+:03$
20)A+!% ’+ 150 H(C. >+)i7!EE?$ +#)$30!i )(=%,.#0#$ = 7$"+#03$ A0)’@)i7
7 #0A,$1i 1.1 7$’!+, M+ #i,.2$ +A3(-(!0 2i,.2i"#. #02$* "#0!i7 !$-?0 =0
7$"+#% A0)’@)0. L+A#+, =Bi’!+ = )+=)0*%!203$, 3+-!0 +?i2%70#$ "$!#(= i=+#+:i7
30B!iE 7 )(021i&* 10C + 10C, 12C + 12C, 24C + 24C.

1.3.4. RH;:<=J8i C>G<@iP H J>C>:=H;Si <=56G<8B;D NiC

SBi’!+ = [45] D7$’2i"#. :i2!+&’()!$* )(021i9 (93+7i)!i"#. 7 "(2%!’%) :)$
)+="i&!!i +’!+B+ &’)0 = !0 i!D+3% )+=)0*+7%@#."& =0 8+)3%,+E:

W = (:)+9’(!$9 :+#i2 :)$ Rn) ⇐ 4ςR2
n ⇐ Pn,

= (:0’0E?$9 :+#i2) ⇐ Tfull ⇐ 4ςR2
n ⇐ Pn, (1.30)

’( Pn J 93+7i)!i"#. :)+*+’-(!!& &’()!+5 )(021i5 2+,$ &’)+ 7-( #%!(,E70,+
?()(= A0)’@), Tfull J 2+(8i1i@!# :)+!$2!+"#i A0)’@)0. L+A#+, D7$’2i"#. )(021i9
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7$=!0?0@#."& :()()i=+3 )+="i&!!& )(021i5 ϱ &2

W = ϱ(E)⇐ (:0’0E?$9 :+#i2). (1.31)

;,& 3(#+’% NCC :()()i= %#7+)(!!& "2,0’(!+B+ &’)0 7$=!0?0@#."& 2+(8i1i-
@!#+3 :)+!$2!+"#i A0)’@)0 Tbar,l #0 93+7i)!i"#E =,$##& Pl, &2( 7i’A%70@#."&
+’)0=% :i",& #%!(,E70!!& &’)0 ?()(= A0)’@). L+A#+, ’,& :()()i=% 7i=.3(3+
ϱl(E) = )i7!&!. (1.20) #0 (1.21).

I,i’%E?$ ,+Bi2+E [45] ’,& D7$’2+"#(9 )(021i9 30@3+

W =
S(E)

E
⇐ fl(E)Pcn ⇐ (:0’0E?$9 :+#i2),

S(E) =
ς⊋
2m

(2l + 1), (1.32)

’( 7(,$?$!0 S(E) +:$"%@ D7$’2i"#. &’()!$* )(021i9 i 5 5 3+-!0 7=&#$ = (2"-
:()$3(!#0,.!$* ’0!$* &2 :)(’"#07,(!+ 7 )+A+#i [41].

C$2+)$"#+7%E?$ f(E) = )i7!&!!& (1.22) 7 :)+"#i9 8+)3i

f
(simple)(E) =

k1

k2r1
, (1.33)

’( k1 = kcap, k2 = kN , rcap = r1, rtp,in,1 = 0.
;,& =!0*+’-(!!& :+#+2% 7$2+)$"#0@3+ +=!0?(!!& :+#+2% % 270!#+7i9 3(-

*0!i1i 9 +#)$30@3+
jinc(r) = ↑

k1⊋
m

. (1.34)

H0@3+ 7$)0= ’,& D7$’2+"#i &’()!$* )(021i9

W =
k1⊋
m

ς⊋2
2mE

(2l + 1)fl(E)Pcn(E)
∣∣
l=0

,

=
k1⊋
m

S(E)

E
fl(E)Pcn. (1.35)

O#-(, 2+)$"#%E?$". 8+)30,i=3+3 = [45] 30@3+ 8+)3%,% ’,& D7$’2+"#i :i-
2!+&’()!$* )(021i9 !0 +"!+7i C6N-!0A,$-(!!& (:+=!0?(!% Wold) #0 3(#+’%
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NCC (:+=!0?(!% Wnew):

Wold =
k1⊋
m

S(E)

E
Tbar,

Wnew =
k1⊋
m

S(E)

E
fl(E)Pcn,

P
(!"# #$%&&’)

cn
= TbarPoscPloc, P

(()%*+" #$%&&’)

cn
=

k2r1

k1
Tbar. (1.36)

H0@3+ ":i77i’!+D(!!& 3i- +1i!203$ D7$’2+"#(9 )(021i9 =0 C6N-
!0A,$-(!!&3 #0 3(#+’+3 NCC

Wnew =
k1 ⊋
m

⇐
S(E)

E
⇐ T

(.,,)

bar
(rcap) =

Wold

1, 893
. (1.37)

;,& )+=)0*%!2i7 7i=.3(3+ 802#+) SCC = [45]:

SCC = 8, 83 · 1016 H(C · A!. (1.38)

L+’i

Wold = 1, 943542 · 103
H(C↑3

"
, Wnew = 1, 026506 · 103

H(C↑3

"
, (1.39)

M+ :)$ :()()0*%!2% 7 2i,.2i"#. )(021i9 7 "(2%!’% ’0"#.

Pold = 4, 686562 · 103
1

"
, Pnew = 2, 475266 · 103

1

"
. (1.40)

P+=)0*%@3+ D7$’2+"#i &’()!$* )(021i9 7 +A’@3i "()(’+7$M0 2+3:02#!$* =i).
S [45] 30@3+ ’,& 270’)0#0 *7$,.+7+5 8%!21i5

∣∣ωinc

∣∣2 = 1

r
3
0 ς

3/2
, r0 =

( ⊋
2Ze

)1/2 (R3
0

m

)1/4
, (1.41)

;( 2+(8i1i@!#$

r0

R0
= 0, 13856966, c0 =

(
R0

r0

)3
·

1

R
3
0 ς

3/2
= 681, 741 719 H(C3

, (1.42)
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#0 !+7i D7$’2+"#i )(021i9:

W̄ = W · c0, P̄ = P · c0. (1.43)

H0@3+ D7$’2i"#. #0 2i,.2i"#. )(021i9

W̄old = 1324993, 664
1

"
, W̄new = 699811, 965

1

"
,

P̄old = 2, 556019867
1052

" · "33
, P̄new = 1, 349993677

1052

" · "33
. (1.44)

1.4. G&+$0+’-=&i 28+.’$- &%3;/(-: ./3-()&;
*1+$ % #$)’.):

1.4.1. #6><8C B97L=H;D <=7;HGBL H 6=8>B@iG7i
<HGB8=H=M= =J@;7F8=CG

S0’0?0 :i2!+&’()!$* )(021i9 (27i70,(!#!0 ’+ =0’0?i 270!#+7+B+ +"1$,&#+)0,
0’-( &’)+, M+ )+=B,&’0@#."& &2 Y!0,i#0E?(Z, =!0*+’$#."& 7 :+,i ’7+* "%"i’!i*
0#+3!$* &’() J 7 :+#(!1i0,.!i9 &3i. L02$3 ?$!+3, @ 3+-,$7i"#. :+)0*%70#$
(!()B(#$?!$9 ":(2#) 2+,$70!. #02+B+ &’)0. SBi’!+ = [45], (!()B(#$?!$9 ":(2#)

E
(zero)

0 =
⊋w
2

=
⊋Ze
mR

3
0

, #E =
2Z2

e
2

R0
, Efull = E

(zero)

0 +#E. (1.45)

L%# E
(zero)

0 J– 1( (!()Bi& +"!+7!+B+ "#0!% B0)3+!i?!+B+ +"1$,&#+)0, #E J–
=3iM(!!& !%,.+7+B+ )i7!& ?()(= 7=0@3+’iE = i!D$3$ &’)03$ 7 K)0#1i, Efull J–
:+7!0 (!()Bi& 7 +"!+7!+3% "#0!i. /0:)$2,0’, ’,& )(021i5 12C + 12C = 24Mg

+#)$30@3+

E
(zero)

0 = 0, 02180806 H(C, #E = 0, 56787237 H(C,

E
(zero mode)

full
= 0, 58968043 H(C. (1.46)
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T!()B(#$?!$9 ":(2#) +A?$",$3+ =0 8+)3%,+E ’,& (!()B(#$?!$* )i7!i7 B0)-
3+!i?!+B+ +"1$,&#+)0

E
(zero)

n =
(
2n+ 1

)
·
⊋w
2

=
(
2n+ 1

)
· E

(zero)

n=0 =
(
2n+ 1

) ⊋Ze
mR

3
0

. (1.47)

;+",i’-%E?$ 7,0"#$7+"#i :i2!+&’()!$* )(021i9 7 2)$"#0,i?!$* K)0#20* 2+3-
:02#!$* =i) @ 3+-,$7i"#. +1i!$#$ 7i’"#0!. 3i- "%"i’!i3$ 0#+3!$3$ &’)03$.
C$2+)$"#+7%E?$ )i7!&!!& (1.27) i ’+:+7!EE?$ 9+B+ )i7!&!!&3 (1.46) +#)$30-
@3+ 7$)0=$ ’,& (!()Bi9

E
(zero)

0 = c1 ·
Z

A

⇒
φ0, c1 = ⊋ e


8ς

3mump

,

#E = c2 · Z
2
(
φ0

A

)1/3
, c2 = 2e2

( 4ς

3mu

)1/3
. (1.48)

;,& &’() = A = 2Z +#)$30,$ 30@3+ !0"#%:!( ":i77i’!+D(!!&

E
(zero)

0 =
c1

2

⇒
φ0, #E = c2 · Z

2
(
φ0

2Z

)1/3
. (1.49)

SBi’!+ = )i7!&!!&3 (1.49) (!()B(#$?!$9 ":(2#) !%,.+7$* 2+,$70!. ’,& &’() =
A = 2Z =0,(-$#. #i,.2$ 7i’ B%"#$!$ "()(’+7$M0, 7 &2+3% 7+!$ =!0*+’&#."&.
P+=)0*+70!$9 (!()B(#$?!$9 ":(2#) !%,.+7$* 2+,$70!. ’,& i=+#+:i7 20)A+!%
XC 7 2)$"#0,i?!$* K)0#20* :)(’"#07,(!$9 7 #0A,$1i 1.3.

1.4.2. %=NCGD9B=< >B>CM>8;TB=M= J6><8CG B97L=H;D
<=7;HGBL NG :=6=5=M=U 5>8=:9 V++

<+)30,i=3 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 3+-( A%#$ 7$2+)$"#0-
!$9 = 3(#+E +A?$",(!!& (!()B(#$?!+B+ ":(2#)0 :)$ !%,.+7$* 2+,$70!!&*.
P0’i0,.!0 *7$,.+70 8%!21i& 7 0"$3:#+#$?!i9 +A,0"#i 30@ 7$B,&’ &2

ω(r) = e
↑ikr + AR e

+ikr
. (1.50)

S+2)(30, #02$9 -( 7$B,&’ 30@ *7$,.+70 8%!21i& 7 #+?1i R0, ’( )+="i&!( &’)+
=!0*+’$#."& 7 3i!i3%3i :+#(!1i0,% 3i- ’7+30 "%"i’!i3$ &’)03$ % 7%=,0* K)0-
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\ T!()Bi&, E(zero)

n , H(C T!()Bi&, E(zero)

full
, H(C

1 0,021808061833736 0,589680437522993
2 0,065424185501208 0,633296561190465
3 0,109040309168680 0,676912684857937
4 0,152656432836153 0,720528808525410
5 0,196272556503626 0,764144932192882
6 0,239888680171098 0,807761055860354
7 0,283504803838570 0,851377179527827
8 0,327120927506043 0,894993303195299
9 0,370737051173515 0,938609426862772
10 0,414353174840987 0,982225550530244

L0A,. 1.3.: T!()B(#$?!i )i7!i ’,& :()D$* 10 "#0!i7 :)$ !%,.+7$* 2+,$70!!&*,
)+=)0*+70!$* =0 ’+:+3+B+E )i7!&!!& (1.45) ’,& i=+#+:i7 XC.

#2$. O’!02 ’$"2)(#!i"#. ":(2#)0 !02,0’0@ ’+’0#2+7% 7$3+B%, M+A :+7!0 *7$-
,.+70 8%!21i& ’+)i7!E70,0 !%,E (’,& !(:0)!$* "#0!i7) 0A+ :)$930,0 302"$-
30,.!( =!0?(!!& :+ 3+’%,E (’,& :0)!$* "#0!i7) % 1i9 #+?1i. S!0*+’$3+

1) ω(R0) = e
↑ikR0 + AR e

+ikR0 = e
↑ikR0 + e

+ikR0, AR = +1,

2) ω(R0) = e
↑ikR0 + AR e

+ikR0 = e
↑ikR0 ↑ e

+ikR0, AR = ↑1. (1.51)

P+=)0*+70!0 03:,i#%’0 2+(8i1i@!#0 7i’A$##& % #+?1i R0 =+A)0-(!0 !0 )$"%!-
2% 1.4. H+-!0 :+A0?$#$, M+ 2+-!0 8%!21i& 30@ "7i9 7,0"!$9 302"$3%3 #0
3i!i3%3 =0 A,$=.2$* (!()Bi9. SBi’!+ = )i7!&!!&3 (1.51), 3+-%#. A%#$ 7$=!0-
?(!i (!()B(#$?!i )i7!i %&7!+5 ?0"#$!$ 03:,i#%’$, M+ :)$)i7!&!0 ’+ !%,&.

:0)!i "#0!$: AR = +1, Re(AR) = +1, Im(AR) = 0,

!(:0)!i "#0!$: AR = ↑1, Re(AR) = ↑1, Im(AR) = 0. (1.52)

T!()Bi5 "#0!i7 !%,.+7$* 2+,$70!. ’,& i=+#+:i7 20)A+!% XC + XC ≃
2XMg

!07(’(!+ 7 #0A,$1i 1.4. >+)i7!EE?$ ":(2#) = #0A,$1(E 1.3 30@3+, M+ (!()B(-
#$?!$9 ":(2#) !%,.+7$* 2+,$70!. )+=)0*+70!$9 !0 +"!+7i 3(#+’% NCC "%##@7+
7i’)i=!&@#."& 7i’ (!()B(#$?!+B+ ":(2#)0 +"1$,&#+)0.
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P$". 1.4.: ;i9"!0 #0 %&7!0 ?0"#$!0 03:,i#%’$ 7i’A$##& AR )+=)0*+70!i 7 #+?1i
R0 =0 (!()Bi9 7i’!+"!+B+ )%*% 7i’ 0,55 ’+ 1,0 H(C. >+#(!1i0, #0 :0)03(#)$
7$=!0?(!i = )i7!&!!& (1.24).

! 10C + 10C 12C + 12C 14C + 14C 16C + 16C
1 0,517434869739479 0,517434869739479 0,517434869739479 0,527054108216433
2 0,536673346693387 0,536673346693387 0,536673346693387 0,536072144288577
3 0,546292585170341 0,546292585170341 0,546292585170341 0,545090180360721
4 0,565531062124249 0,555911823647295 0,555911823647295 0,554108216432866
5 0,584769539078156 0,575150300601202 0,565531062124249 0,572144288577154
6 0,613627254509018 0,594388777555110 0,575150300601202 0,581162324649299
7 0,642484969939880 0,613627254509018 0,594388777555110 0,599198396793587
8 0,680961923847695 0,642484969939880 0,623246492985972 0,626252505010020
9 0,738677354709419 0,680961923847695 0,652104208416834 0,653306613226453
10 0,815631262525050 0,729058116232465 0,690581162324649 0,689378757515030
11 0,950300601202405 0,806012024048096 0,729058116232465 0,734468937875752
12 1,27735470941884 0,911823647294589 0,796392785571142 0,797595190380762
13 2,23927855711423 1,11382765531062 0,892585170340681 0,878757515030060
14 3,69178356713427 2,76833667334669 1,04649298597194 1,02304609218437
15 " 4,08617234468938 1,64288577154309 1,39278557114228
16 " " 3,04729458917836 1,99699398797595
17 " " 4,28817635270541 3,20541082164329
18 " " " 4,37775551102204

L0A,. 1.4.: T!()Bi5 !%,.+7$* 2+,$70!., )+=)0*+70!i =0 ’+:+3+B+E 3(#+’0 A0B0-
#+)0=+7$* 7!%#)iD!i* 7i’A$##i7, ’,& )(021i9 XC+XC. C"i =!0?(!!& 7$)0-(-
!i 7 H(C. O#)$30!$9 (!()B(#$?!$9 ":(2#) 7i’)i=!&@#."& 7i’ ":(2#)0, )+=)0-
*+70!+B+ !0 +"!+7i 270!#+7+B+ +"1$,&#+)0 1.3. T!()Bi5 )+=)0*+70!i =0 %3+7$
|Re(AR)| ⇑ 1.
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! 18C + 18C 20C + 20C 22C + 22C 24C + 24C
1 0,517434869739479 0,527054108216433 0,536673346693387 0,517434869739479
2 0,527054108216433 0,546292585170341 0,546292585170341 0,527054108216433
3 0,536673346693387 0,555911823647295 0,555911823647295 0,536673346693387
4 0,546292585170341 0,565531062124249 0,565531062124249 0,584769539078156
5 0,555911823647295 0,584769539078156 0,575150300601202 0,594388777555110
6 0,565531062124249 0,604008016032064 0,594388777555110 0,613627254509018
7 0,575150300601202 0,623246492985972 0,604008016032064 0,632865731462926
8 0,584769539078156 0,642484969939880 0,623246492985972 0,661723446893788
9 0,594388777555110 0,671342685370741 0,652104208416834 0,690581162324649
10 0,613627254509018 0,709819639278557 0,680961923847695 0,729058116232465
11 0,632865731462926 0,748296593186373 0,719438877755511 0,767535070140281
12 0,661723446893788 0,806012024048096 0,757915831663327 0,825250501002004
13 0,738677354709419 0,882965931863727 0,815631262525050 0,911823647294589
14 0,796392785571142 1,00801603206413 0,892585170340681 1,02725450901804
15 0,882965931863727 1,27735470941884 1,01763527054108 1,29659318637275
16 1,00801603206413 2,24889779559118 1,27735470941884 2,20080160320641
17 1,30621242484970 3,26853707414830 2,24889779559118 3,14348697394790
18 2,18156312625251 4,29779559118237 3,22044088176353 4,08617234468938
19 3,26853707414830 " 4,21122244488978 "

L0A,. 1.5.: (>)+’+7-(!!& #0A,$1i 1.4)

1.4.3. 17GN5=H> ><CGB9HGBBF H F:>CB;D C>G<@iFD

>,0=3+7( (2)0!%70!!& 7 #()3+&’()!$* )(021i&* &7$M( B0)!+ ’+",i’-(!( ’,&
"%?0"!$* (2":()$3(!#i7. L02+- i"!%E#. )+A+#$, &2i 0!0,i=%E#. 7:,$7 #02+B+
(2)0!%70!!& !0 &’()!i )(021i5 7 2+3:02#!$* =+)&* [26]. C0)#+ +1i!$#$ 7:,$7
:,0=3+7+B+ (2)0!%70!!& !0 :i2!+&’()!i )(021i5, +:$"0!i =0 ’+:+3+B+E 3(#+’%
NCC.

;,& 1.+B+ 3+-!0 7$2+)$"#0#$ :i’*i’, 7$2,0’(!$3 7 )+A+#i [49], ’( A%,$
’+",i’-(!+ :,0=3+7( (2)0!%70!!& 7 #()3+&’()!$* )(021i&* 7 Mi,.!i9 &’()!i9
30#()i5. C )0320* 3+’(,i !(+A*i’!+ 77("#$ 2%,+!i7".2$9 :+#(!1i0, 7=0@3+’i5:

UC(r) =
Z1Z2e

2

r
↑H(r), (1.53)

’( H(r) J 1( :+#(!1i0, "()(’!.+B+ :+,& :,0=3+7+B+ (2)0!%70!!&, 0 Zi J
(,(2#)$?!$9 =0)&’ &’)0 = !+3()+3 i (’( i = 1, 2).

>+#(!1i0, H(r) 7$=!0?0@#."& =0 3+’(,,E i+!!+5 "8()$, =0:)+:+!+70!+E
I0,:(#()+3 [50]. SBi’!+ = 3+’(,,E [49], (,(2#)+!!0 *30)0 )+=B,&’0@#."& &2
!("#$"2%70!0 )i7!+3i)!+ =0)&’-(!0 2)0:,& )i’$!$. W& 2)0:,& 30@ :+"#i9!$9
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+A’@3, 0 =0)&’ 1i@5 2)0:,i :+7!i"#E 2+3:(!"%@ =0)&’ &’(), M+ 7=0@3+’iE#..
4 1.+3% :i’*+’i #02+- 3+-!0 )+=)0*%70#$ S-802#+)$,&2i !(+A*i’!i ’,&

)+=)0*%!2% D7$’2+"#(9 )(021i9, (&2 % )i7!&!!&* (1.36)), "03i D7$’2+"#i )(-
021i9, :)$ 1.+3% 72,E?0E?$ 7:,$7 (2)0!%70!!&. SBi’!+ = [49], 7$=!0?0@3+
2%,+!i7".2$9 :+#(!1i0, UC(r) ’,& 7=0@3+’iE?$* &’() &2

UC, full(r) = vC(r) +H(r), (1.54)

’( vC(r) J 1( 2%,+!i7".2$9 :+#(!1i0, A(= (2)0!%70!!&, 0 H(r) 7i’:+7i’0@ =0
:+#(!1i0, "()(’!.+B+ :+,& :)$ (2)0!%70!!i. /0 7i’3i!% 7i’ :+#(!1i0,% 7 [49],
2%,+!i7".2$9 :+#(!1i0, vC(r) +A?$",E@#."& !0 +"!+7i )i7!&!. (1.24) #0 (1.25).
>+#(!1i0, &’()!+5 7=0@3+’i5 vN(r) #(- A()(#."& = )i7!&!!& (1.24) (:)$ l = 0).
>+#(!1i0, "()(’!.+B+ :+,& H(r) A()(#."& = [49]:

H(r) = E12 h(x), x =
r

a12
, (1.55)

’(
h(x) = b0 + b2 x

2 + b4 x
4 + . . . . (1.56)

>)$ +’!02+7$* &’)0* Z1 = Z2 =!0?(!!& :0)03(#)i7 b0, b2, b4 !07(’(!i % [49]

b0 = 1, 0573, b2 = ↑0, 25, b4 = 0, 0394. (1.57)

I!Di :0)03(#)$ :)$"%#!i 7 )i7!&!!i (1.55) #02+- @ 7 [49]

ae =
( 3

4ς ne

)1/3
, aj = Z

1/3
j ae,

a12 =
a1 + a2

2
, E12 =

Z1Z2 e
2

a12
, (1.58)

’( ne 2+!1(!#)01i& (,(2#)+!i7.
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1.4.4. $B>CM>8;TBi J6><8C; B97L=H;D <=7;HGBL N
9CGD9HGBBF5 ><CGB9HGBBF

X2 =0=!0?(!+ 7 [49], )i7!&!!& (1.56) :)01E@ :)$ %3+7i x ⇓ 2. >)$:%"#$3+,
M+ 1& %3+70 7$2+!%@#."& :)$ )(021i5 12C+ 12C. >+#(!1i0, 7=0@3+’i5 ’7+* i=+-
#+:i7 20)A+!% 12C :)$ B%"#$!i φ0 = 6 · 109 B/"33 = 7)0*%70!!&3 (2)0!%70!!&
:+20=0!$9 !0 )$"%!2% 1.5. X2 7$’!+ = )$"%!20, :)$ 1i9 B%"#$!i 7:,$7 (2)0!%-

P$". 1.5.: >+#(!1i0, 7=0@3+’i5 3i- ’7+30 &’)03$ 12C = 72,E?(!!&3 :,0=3+-
7+B+ (2)0!%70!!& #0 9+B+ :+)i7!&!!& = ?$"#$3 :+#(!1i0,+3 7=0@3+’i5 (0), #0
72,0’ :,0=3+7+B+ (2)0!%70!!& 7 :+#(!1i0, (A). >+#(!1i0, 7$=!0?(!$9 )i7!&-
!!&3$ (1.23) #0 (1.24), :,0=3+7( (2)0!%70!!& +:$"%@#."& )i7!&!!&3$ (1.54)–
(1.56).

70!!& !0 :+#(!1i0, !( @ "%##@7$3. H+-!0 =)+A$#$ 7$"!+7+2, M+ !(30@ 7:,$7%
!0 (!()Bi5 270=i=7’&=0!$* "#0!i7.

4 1.6 !07(’(!+ =!0?(!!& (!()Bi9 !%,.+7$* 2+,$70!., )+=)0*+70!$* ’,& )(0-
21i5 12C + 12C, = %)0*%70!!&3 (2)0!%70!!& #0 A(= !.+B+.

S 1i@5 #0A,$1i 7$’!+, M+ (!()B(#$?!$9 ":(2#) !%,.+7$* 2+,$70!. ’,& )(021i5
12C + 12C "%##@7+ =3i!E@#."& :i",& 7)0*%70!!& (2)0!%70!!& :,0=3+E.

38



\ 12C + 12C = (2)0!%70!!&3 12C + 12C A(= (2)0!%70!!&
1 0,209619238476954 0,517434869739479
2 0,267334669338677 0,536673346693387
3 0,344288577154309 0,546292585170341
4 0,478957915831663 0,555911823647295
5 0,786773547094188 0,575150300601202
6 2,21042084168337 0,594388777555110
7 3,83607214428858 0,613627254509018
8 0,642484969939880
9 0,680961923847695
10 0,729058116232465
11 0,806012024048096
12 0,911823647294589
13 1,11382765531062
14 2,76833667334669
15 J 4,08617234468938

L0A,. 1.6.: T!()Bi5 !%,.+7$* 2+,$70!. = %)0*%70!!&3 (2)0!%70!!& #0 A(=.

1.5. H/$i(&*&&* ,+’/1% BCC 6
CIB-&)"3-4+&&*, 13* 8i.&/*1+$&-:
$+).DiE

>+)i7!&@3+ 3(#+’ NCC = C6N-!0A,$-(!!&3, &2( 7$2+)$"#+7%E#. % A0B0#.+*
i!D$* :i’*+’0* :)$ 7$7?(!!i :i2!+&’()!$* )(021i9.

SBi’!+ = [51], ’,& 7$=!0?(!!& :)+!$2!+"#i A0)’@)0 7 C6N-!0A,$-(!!i :+-
7$!!i A%#$ 7$2+!0!i !0"#%:!i ’7i %3+7$:

1. 43+70 =0"#+"+7!+"#i !0:i72,0"$?!+B+ !0A,$-(!!& 7 :()D+3% :+)&’2%,
&20 7$:,$70@ = 7$3+B$: =/,>(-" 6,($i -0 2/,(--" 98i-<,".(&3 &($%-/

, 80>"6 &,/?/ 5/98i5# ()i7!&!!& (46,6) 7 [51], ". 209). S0:$D(3+

∣∣∣
d (↼/(2ς))

dr

∣∣∣ ⇓ 1, (1.59)

’( ↼/(2ς) J ’+7-$!0 *7$,i, 9 +#)$30@3+

m ⊋
p3

∣∣∣
dV (r)

dr

∣∣∣ ⇓ 1, p =


(E ↑ V (r)) 2m. (1.60)
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L%# m #0 p J 1( 30"0 #0 2,0"$?!$9 i3:%,." ?0"#$!2$. S )i7!&!!& (1.59)
7$’!+, M+ C6N-!0A,$-(!!& !( =0"#+"+7!( :)$ 30,$* i3:%,."0* (% #%-
!(,E70,.!+3% )(Bi+!i) #0 :+A,$=% #+?+2 :+7+)+#%.

2. 43+70 =03i!$ !0:i72,0"$?!+B+ C6N-!0A,$-(!!& !0 #+?!% 8+)3%,% :+-
A,$=% #+?+2 :+7+)+#%, &2

E ↑ V (r) ⇑ F0 · (r ↑ a), F0 = ↑
dV (r)

dr

∣∣∣
r=a

, (1.61)

’( a J 2++)’$!0#0 #+?2$ :+7+)+#%.

<%!21i5 ’,& +1i!2$ =0"#+"+7!+"#i C6N-!0A,$-(!!& = )i7!&!. (1.60), (1.61):

U1(r) =
m ⊋
p3

∣∣∣
dV (r)

dr

∣∣∣, U1(r) < 1,

U2(r) =

∣∣E ↑ V (r)↑ F0 · (r ↑ a)
∣∣

E
, U2(r) < 1. (1.62)

1.5.1. -I5>E>BG NGJ8=J=HBiJ8L +*V-BGI7;E>BBF :7F
C=NCGD9B<9 6i<B=F:>CB;D C>G<@iP

>+)i7!&@3+ =0"#+"+7!i"#. 3(#+’% NCC #0 C6N-!0A,$-(!!& !0 :)$2,0’i )(0-
21i5 =,$##& 12C + 12C = 24Mg.

/0 )$"%!2% 1.6 :+20=0!i 8%!21i5 ’,& :()(7i)2$ C6N-!0A,$-(!!&, +:$"0!i
)i7!&!!&3$ (1.62). P+=)0*%!2$ :)+7(’(!i =0 (!()Bi5 Ekin = 5 H(C.

SBi’!+ = %3+703$ =0"#+"+7!+"#i C6N-!0A,$-(!!&, +A$’7i 8%!21i5 U1, U2 :+-
7$!!i A%#$ 3(!Di =0 +’$!$1E. SBi’!+ = )$"%!2+3 1.6 :+A,$=% 2+-!+5 #+?2$
:+7+)+#% 1i %3+7$ 7$2+!%E#."&, +#-(, C6N-!0A,$-(!!& ’,& 2+(8i1i@!#0 :)+-
!$2!+"#i A0)’@)0 #0 D7$’2+"#(9 )(021i5 =0 (!()Bi5 Ekin = 5 H(C =0"#+"+7!(.

F,( ’,& :i2!+&’()!$* )(021i9 #$:+7$3$ @ (!()Bi5 3(!Di =0 1 H(C. /0 )$-
"%!2% 1.7 =+A)0-(!0 :+7(’i!20 8%!21i9 U1 #0 U2 :+A,$=% #+?+2 :+7+)+#% ’,&
(!()Bi5 E = 1 H(C. C$’!+, M+ :+A,$=% ,i7+5 #+?2$ :+7+)+#% +A$’7i 8%!-
21i5 U1 #0 U2 Ai,.Di =0 +’$!$1E. W( +=!0?0@, M+ :)$ )+=)0*%!2% 2+(8i1i@!#%
:)+!$2!+"#i A0)’@)0 =0 C6N-!0A,$-(!!&3 !( 3+-!0 7)0*+7%70#$ 7!%#)iD!E
?0"#$!% :+#(!1i0,%.
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P$". 1.6.: <%!21i5 (1.62) ’,& +1i!2$ =0"#+"+7!+"#i C6N-!0A,$-(!!& ’,& :i2!+-
&’()!+5 )(021i5 12C+12C = 24Mg =0 (!()Bi5 E = 5 H(C. >+#(!1i0, 7=0@3+’i5 7$-
=!0?(!$9 )i7!&!!&3$ (1.23) #0 (1.24), ’( rtp,in,2 = 7, 46 83 #0 rtp,out = 10, 5 83
J #+?2$ :+7+)+#% =0 1i@5 (!()Bi5. C +A,0"#i 1$* #+?+2 :+7+)+#% 8%!21i5 (1.62)
3(!Di =0 +’$!$1E, #+A#+ C6N-!0A,$-(!!& =0"#+"+7!(.

P$". 1.7.: <%!21i5 (1.62) ’,& +1i!2$ =0"#+"+7!+"#i C6N-!0A,$-(!!& ’,& :i2!+-
&’()!+5 )(021i5 12C+12C = 24Mg =0 (!()Bi5 E = 1 H(C. >+#(!1i0, 7=0@3+’i5 7$-
=!0?(!$9 )i7!&!!&3$ (1.23) #0 (1.24), ’( rtp,in,2 = 6, 94 83 #0 rtp,out = 52, 48 83
J #+?2$ :+7+)+#% =0 1i@5 (!()Bi5. C 1.+3% 7$:0’2% 8%!21i5 (1.62) 3(!Di =0
+’$!$1E, ,$D( Ai,& =+7!iD!.+5 #+?2$ :+7+)+#%, #+A#+ C6N-!0A,$-(!!& !(
=0"#+"+7!( ’,& 7!%#)iD!.+5 +A,0"#i.
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/0 )$"%!2% 1.8 :)(’"#07,(!i 8%!21i5 (1.62), 2+,$ U1 = 1 #0 U2 = 1. L+A#+,
,i!i5 :)(’"#07,&E#. B)0!$?!% (!()BiE :)$ )+="i&!!i XC + XC, =0 &2+5 M( @
=0"#+"+7!$3 C6N-!0A,$-(!!& Ai,& ,i7+5 #+?2$ :+7+)+#%. X2 7$’!+ = )$"%!20,
C6N-!0A,$-(!!& =0"#+"+7!( =0 (!()Bi5 !0,i#0E?+B+ &’)0, Ai,.D+E =0 3,5 H(C.

P$". 1.8.: S+!0 =0"#+"+7!+"#i C6N-!0A,$-(!!& 7$=!0?0@#."& +A,0"#E, &20 =!0-
*+’$#."& 7$M( =0 U1(E) = 1 (!0 )$"%!2% :)(’"#07,(!0 "$!.+E "%1i,.!+E ,i-
!i@E) #0 !$-?( =0 U2(E) = 1 (?()7+!0 D#)$*+70 ,i!i&). P+=)0*%!2$ :)+7(’(!i
’,& )(021i5 12C+12C 7 +A,0"#i (!()Bi9 7i’ 1 ’+ 5,2 H(C. >+#(!1i0, 7=0@3+-
’i5 7$=!0?(!$9 )i7!&!!&3$ (1.23) #0 (1.24). SBi’!+ = )$"%!2+3, =0#+"+7%70#$
C6N-!0A,$-(!!& 30@ "(!" ,$D( 2+,$ (!()Bi& !0,i#0E?+B+ &’)0 :()(7$M%@
3,5 H(C.

1.6. C-2&/(.- 1/ $/61i3% 1

C )+=’i,i 1 )+=)+A,(!0 3+’(,. :i2!+&’()!$* )(021i9 J )(021i9 =,$##& "%"i’!i*
0#+3!$* &’() 7 2)$"#0,i?!$* K)0#20* 2+3:02#!$* =i). W& 3+’(,. ’+=7+,&@
7$7?0#$ #02i )(021i5 ?()(= :)+3i-!% "#0’iE J 8+)3%70!!& "2,0’(!+B+ &’)0
:i’ ?0" "$!#(=%. ;,& :+A%’+7$ 3+’(,i 7:()D( %=0B0,.!(!+ 3(#+’ A0B0#+)0=+7$*
7!%#)iD!i* 7i’A$##i7 (3(#+’ NCC) [24, 25, 38J40].

>+A%’+70!$9 8+)30,i=3 ’+=7+,&@ )+=)0*%70#$ 8i=$?!i 7(,$?$!$, M+ +:$-
"%E#. :i2!+&’()!i )(021i5: 2+(8i1i@!# :)+!$2!+"#i #0 7i’A$##& A0)’@)0 :)$
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#%!(,E70!!i #0 !0’A0)’@)!+3% )%"i, 03:,i#%’$ )+="i&!!&, 93+7i)!i"#. 8+)3%-
70!!& "2,0’(!+B+ &’)0, (!()Bi5 270=i=7’&=0!$* "#0!i7 #0 D7$’2+"#i :i2!+&’()-
!$* )(021i9. P+=)0*%!2$ !0 +"!+7i 3(#+’% NCC ’0,$ !+7% +1i!2% D7$’2+"#(9
:i2!+&’()!$* )(021i9 #0 93+7i)!+"#i ’,& %#7+)(!!& "2,0’(!$* &’() :)$ =,$#-
#i ’7+* i=+#+:i7 20)A+!%. O#)$30!i )(=%,.#0#$ [33, 34] :+)i7!&!i = 7i’+3$3$
+1i!203$ D7$’2+"#(9 :i2!+&’()!$* )(021i9, 7$=!0?(!$3$ )0!iD( !0 +"!+7i
i!D$* 3(#+’i7 [41].

Ci’3i!!i"#. D7$’2+"#(9 :i2!+&’()!$* )(021i9 7i’ )0!iD( :+)0*+70!$* 3+-
-!0 :+&"!$#$ #$3, M+ 3(#+’ NCC 7)0*+7%@ 270!#+7i :+#+2$ % 7!%#)iD!i9
+A,0"#i :+#(!1i0,%. SBi’!+ = )$"%!2+3 1.7, C6N-!0A,$-(!!& 7 1i9 +A,0"#i !(
=0"#+"+7!(. /0 )$"%!2% 1.8 :+20=0!+, M+ 7)0*+7%70#$ 7!%#)iD!E +A,0"#. :+-
#(!1i0,% % C6N-!0A,$-(!!i 3+-!0 =0 (!()Bi9, Ai,.D$* =0 3 H(C, M+ :()(7$-
M%@ #$:+7i (!()Bi5, =0 &2$* 7i’A%70E#."& :i2!+&’()!i )(021i5.

P+=)0*+70!i (!()Bi5 270=i=7’&=0!$* "#0!i7 :)$ :i2!+&’()!i9 )(021i5 i=+#+-
:i7 20)A+!% XC + XC (’( X = 10, 12, 14, 16, 18, 20, 22, 24). SBi’!+ = #0A,$-
1&3$ 1.1 #0 1.2, 3+-!0 +?i2%70#$ "$!#(= i=+#+:i7 30B!iE 7 )(021i&* 10C +
10C, 12C + 12C, 24C + 24C, 0’-( "03( 7 1$* )(021i&* (!()Bi& %#7+)(!+B+ 270-
=i=7’&=0!+B+ "#0!% 3(!D0 =0 7$"+#% :+#(!1i0,.!+B+ A0)’@)0. S0 ’+:+3+B+E 3(-
#+’% NCC +#)$30!i !+7i =!0?(!!& (!()B(#$?!+B+ ":(2#)0 !%,.+7$* 2+,$70!.
0#+3!$* &’() 7 2)$"#0,i?!$* K)0#20*.

C:()D( ’+",i’-(!+ 7:,$7 :,0=3+7+B+ (2)0!%70!!& !0 7=0@3+’iE ’7+* i=+#+-
:i7 20)A+!% 7 2)$"#0,i?!i9 K)0#1i. SBi’!+ = #0A,$1(E 1.6, (!()B(#$?!$9 ":(2#)
!%,.+7$* 2+,$70!. &’() "%##@7+ =3i!E@#."& :)$ 7)0*%70!!i :,0=3+7+B+ (2)0-
!%70!!&.
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()*+i, 2.

:/,;"i.01 .4’6)"i0<./005 ’64
’6)$)0-+19$6)00)"& 6)*#i500i

U0,.3i7!( 7$:)+3i!E70!!&, M+ "%:)+7+’-%@ &’()!i )(021i5, @ +’!$3 = i!"#)%-
3(!#i7 5* ’+",i’-(!!& [31, 32, 52, 53]. ;+",i’-(!!& &’()!$* :)+1("i7 #0 B0,.-
3i7!+B+ 7$:)+3i!E70!!&, M+ 5* "%:)+7+’-%@, ’+=7+,&@ 2)0M( =)+=%3i#$ "#)%-
2#%)% 0#+3!$* &’() #0 7=0@3+’iE 3i- !%2,+!03$ % 1$* :)+1("0*. >)$ #(+-
)(#$?!+3% +:$"i B0,.3i7!+B+ 7$:)+3i!E70!!& % 8+)30,i=3i 3+-!0 72,E?0#$
7=0@3+’iE 3i- !%2,+!03$, 270!#+7i (8(2#$, ’(8+)301i5 0#+3!$* &’(), Bi:(-
)&’)0 #0 i!., &2 )+=B,&!%#+ % [27, 39, 54, 55] #0 7 A0B0#.+* i!D$* ’+",i’-(!!&*.

4 1.+3% )+=’i,i A%’( ’+",i’-(!+ B0,.3i7!( 7$:)+3i!E70!!&, M+ 7$!$20@
:)$ )+="i&!!i :)+#+!0 !0 ’(9#)+!i. ;,& 1.+B+ A%’( 7$2+)$"#0!0 ’7+- #0 #)$-
2,0"#()!0 3+’(,i [56, 57] ’,& +:$"% "$"#(3$ :)+#+!-’(9#)+!.C$2+)$"#0!0 3+-
’(,. 7)0*+7%@ :0)03(#), &2$9 7*+’$#. % *7$,.+7% 8%!21iE ’(9#)+!0, =3i!0
&2+B+ 7:,$70@ !0 B0,.3i7!( 7$:)+3i!E70!!& :)$ 1.+3% :)+1("i.

S0 )(=%,.#0#03$ A%’%#. +#)$30!i *7$,.+7i 8%!21i5 ’(9#)+!0 #0 p+ d "$"#(-
3$, :+)0*+70!i 7i’:+7i’!i 8+)3-802#+)$. H+’(,. A%’( :+)i7!E70#$"& = (2"-
:()$3(!#0,.!$3$ ’0!$3$ [58] ’,& +1i!2$ 55 02%)0#!+"#i. N%’( ’+",i’-(!$9
7:,$7 :0)03(#)i7 3+’(,i !0 B0,.3i7!( 7$:)+3i!E70!!& 7 :)+1("i )+="i&!!&
:)+#+!0 !0 ’(9#)+!i.
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2.1. C-./$-2’)&&* 1(/- ’) ’$--.3)2’+$&/J
,/1+3+E 13* /8-2% p + d 2-2’+,-

2.1.1. -6>CG8=C BGC=:E>BBF MG7L5iHB=M= ?=8=BG

P+=B,&!(3+ #)0!",&1i9!+-i!70)i0!#!% 7=0@3+’iE 8+#+!0 = #)$!%2,+!!+E "$-
"#(3+E.

He

(
kϑ, ↽

(ω)
)
=

1

2

e⊋
mNc

A=3∑

i=1

1

2
(1 + ⇀iz) [ς↗

iA
↗ (i) +A↗ (i) ς↗

i ] , (2.1)

’(

A↗ (i) = ↽
(ω) exp {↑i (kϑφi)} , ς↗

i = i⇔ϖi, φi = ri ↑RCM,

RCM =
1

A

A∑

i=1

ri, ςi = pi ↑
PCM,

PCM =
1

A

A∑

i=1

pi. (2.2)

L%# i !$-?( "$37+, ↗ :+=!0?0@ 2+3:,(2"!( ":)&-(!!&. 4 )i7!&!!i (2.1)
ω(ω) J +’$!$?!i 7(2#+)$ ,i!i9!+5 :+,&)$=01i5 8+#+!0, M+ 7$:)+3i!E@#."&
(ω(ω),↗ = ω(ω)), kϑ J *7$,.+7$9 7(2#+) 8+#+!0, 0 wϑ = kϑc =

∣∣kϑ

∣∣c. C(2#+-
)$ ω(ω) :():(!’$2%,&)!i ’+ kϑ % 2%,+!i7".2+3% :+,i. H0@3+ ’70 !(=0,(-!i
:+,&)$=01i5 ω(1) i ω(2) ’,& 8+#+!0 = i3:%,."+3 kϑ (ε = 1, 2).

C(2#+)$ :+,&)$=01i5 8+#+!0 30E#. !0"#%:!i 7,0"#$7+"#i:

kϑ ⇐ ω(1)


= kϑ ω

(2)
,


kϑ ⇐ ω(2)


= ↑ kϑ ω

(1)
,


kϑ ⇐ ω(3)


= 0,

∑

ω=1,2,3


kϑ ⇐ ω(ω)


= kϑ (ω

(2)
↑ ω(1)). (2.3)
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C7(’(3+ !+7i =3i!!i, 7(2#+)$ X2+Ai r #0 q i =0:$D(3+ :()(#7+)(!!& ’,& !$*

r =
1
⇒
2
(φ1 ↑ φ2) =

1
⇒
2
(r1 ↑ r2) ,

q =


2

3


φ3 ↑

φ1 + φ2

2


=


2

3


r3 ↑

r1 + r2
2


,

qA =


1

3
(r1 + r2 + r3) =

⇒

3RCM. (2.4)

r1 =
1
⇒
2
r↑

1
⇒
6
q+

1
⇒
3
qA,

r2 = ↑
1
⇒
2
r↑

1
⇒
6
q+

1
⇒
3
qA,

r3 =


2

3
q+

1
⇒
3
qA. (2.5)

L(- "03( 3+-,$7+ =0:$"0#$ ’,& i3:%,."% (:)&3( #0 =7+)+#!( :()(#7+)(!!&)

ςr =
1
⇒
2
(ς1 ↑ ς2) ,

ςq =


2

3


ς3 ↑

ς1 + ς2

2


,

ςA =


1

3
(ς1 + ς2 + ς3) , (2.6)

ς1 =
1
⇒
2
ςr↑

1
⇒
6
ςq+

1
⇒
3
ςA,

ς2 = ↑
1
⇒
2
ςr↑

1
⇒
6
ςq+

1
⇒
3
ςA,

ς3 =


2

3
ςq+

1
⇒
3
ςA. (2.7)

L%#, 7(2#+) r J 7(2#+) 3i- :)+#+!+3 i !(9#)+!+3 7"()(’$!i ’(9#)+!0, r1 #0
r2 J )0’i%"-7(2#+)$ ’+ :)+#+!0 #0 !(9#)+!0 7 ’(9#)+!i, r3 J )0’i%"-7(2#+)
!0,i#0E?+B+ :)+#+!0.

O:()0#+) He
(
kϑ, ↽

(ω)
)

= 7(2#+)03$ X2+Ai !0A%’( !0"#%:!+B+ 7$B,&’% (#0-
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2+- 7$2+)$"#0@3+
(
↽
(ω)

,kϑ

)
= 0):

He

(
kϑ, ↽

(ω)
)
=

1

2

e⊋
mNc


2
⇒
2
exp


↑i

1
⇒
2
(kϑr)

(
↽
(ω)

, ς
↗

r

)
⇐

⇐ exp


i
1
⇒
6
(kϑq)


↑


2

3
exp


↑i

1
⇒
2
(kϑr)


exp


i
1
⇒
6
(kϑq)


⇐

⇐

(
↽
(ω)

, ς
↗

q

)
+ 2


2

3
exp


↑i


2

3
(kϑq)

(
↽
(ω)

, ς
↗

q

)
. (2.8)

O#)$30,$ +:()0#+) !0)+’-(!!& B0,.3i7!+B+ :)+#+!0 % #)$!%2,+!!i9 "$-
"#(3i. ;i0B)030 :)+1("% )+="i&!!& :)+#+!0 !0 ’(9#)+!i #0 7$:)+3i!E70!!&
B0,.3i7!+B+ 8+#+!0 =+A)0-(!+ !0 )$"%!2% 2.1.

P$". 2.1.: ;i0B)030 7$:)+3i!E70!!& B0,.3i7!+B+ 8+#+!0 :)$ )+="i&!!i :)+#+-
!0 !0 ’(9#)+!i.

;,& :+’0,.D+B+ ’+",i’-(!!& B0,.3i7!+B+ 7$:)+3i!E70!!& 7 :)+1("i )+="i-
&!!& :)+#+!0 !0 ’(9#)+!i !(+A*i’!+ :+A%’%70#$ 3+’(,. ’0!+B+ :)+1("%. ;,&
+A?$",(!!& :()()i=% B0,.3i7!+B+ 7$:)+3i!E70!!& !(+A*i’!+ 7$=!0?$#$ *7$-
,.+7i 8%!21i5 :)+#+!0 #0 ’(9#)+!0 =0 7$A)0!$* (!()Bi9 % :+?0#2+7+3% #0 2i!-
1(7+3% "#0!0*. N%,+ +A)0!+ 3(#+’ )(=+!%E?$* B)%: (RGM) [7, 59, 60], &2$9 @
!09Ai,.D "#)+B+E #0 "03+"#i9!+E )(0,i=01i@E 2,0"#()!+5 3+’(,i.

2.1.2. !H=- 8G 8C;-<7GJ8>CBi 5=:>7i J;J8>5; p + d

;,& ’+",i’-(!!& p+ d "$"#(3$ :+A%’+70!+ 8+)30,i=3 !0 +"!+7i ’7+- #0 #)$-
2,0"#()!$* 3+’(,(9. 4 ’7+-2,0"#()!i9 3+’(,i =0B0,.!0 *7$,.+70 8%!21i& "$-
"#(3$ 30@ 7$B,&’

$ = A
{
⇁
(S) (d, r)⇁ (p)ψE (q)

}
, (2.9)

’( ⇁
(S) (d, r) J 1( *7$,.+70 8%!21i& ’(9#)+!0 !0 +"!+7i 3+’(,i ’(8+)3+70!$*

+"1$,&#+)!$* +A+,+!+2, ⇁ (p) J *7$,.+70 8%!21i& :)+#+!0, M+ :)(’"#07,(!0
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9+B+ ":i!+7+E #0 i=+":i!+7+E ?0"#$!03$, 0 ψE (q) J *7$,.+70 8%!21i& 7i’!+-
"!+B+ )%*% :)+#+!0 i ’(9#)+!0. O:()0#+) 0!#$"$3(#)$=01i5 A )+A$#. *7$,.+7i
8%!21i5 "$"#(3$ p+ d :+7!i"#E 0!#$"$3(#)$?!$3$.

R7$,.+70 8%!21i& ’,& p+ d "$"#(3$ !0 +"!+7i #)$-2,0"#()!+5 3+’(,i

$ = A{⇁ (n)⇁ (p1)⇁ (p2) f (r,q)} , (2.10)

’( ⇁ (n) #0 ⇁ (p1) J *7$,.+7i 8%!21i5 !(9#)+!0 #0 :)+#+!0 7 ’(9#)+!i, ⇁ (p2) J
*7$,.+70 8%!21i& !0,i#0E?+B+ :)+#+!0, f (r,q) J *7$,.+70 8%!21i& 7i’!+"!+-
B+ )%*% :)+#+!0 #0 ’(9#)+!0. Wi *7$,.+7i 8%!21i5 7$=!0?0E#."& )+=7’&=203$
)i7!&!!& G)(’i!B()0 0A+ <0’(@70.

C 0’i0A0#$?!+3% !0A,$-(!!i, 2+,$ *7$,.+7i 8%!21i5 ’(9#)+!0 !( =3i!EE-
#."& :)$ !0A,$-(!!i :)+#+!0, #).+*!%2,+!!0 *7$,.+70 8%!21i& "$"#(3$ 3+-(
A%#$ :)(’"#07,(!0 &2

$ = A{⇁ (d, r)⇁ (p)ψE (q)} , (2.11)

’( ⇁ (d, r) J *7$,.+70 8%!21i& =7’&=0!+B+ "#0!% ’(9#)+!0. R7$,.+70 8%!21i&
⇁ (d, r) @ )+=7’&=2+3 )i7!&!!& G)(’i!B()0 = +A)0!$3 :+#(!1i0,+3 !%2,+!-
!%2,+!!+5 7=0@3+’i5.

O:()0#+) A 7 )i7!&!!&* (2.9) #0 (2.11) "2,0’0@#."& = +’$!$?!+B+ +:()0-
#+)0 #0 ’7+* +:()0#+)i7 :()("#0!+7+2 7 +A+* 3+’(,&*. X2M+ iB!+)%70#$ :+7-
!% 0!#$"$3(#)$=01iE 7 )i7!&!!&* (2.9) #0 (2.11), +:%"20E?$ +:()0#+) A, #+
+#)$3%@3+ ":)+M(!% 7()"iE ’7+- #0 #)$-2,0"#()!$* 3+’(,(9 J folding-3+’(,..
Q+A %!$2!%#$ B)+3i=’2$* 7$)0=i7, 3+-!0 7$2+)$"#+7%70#$ 1E 0:)+2"$301iE
’,& :+’0!!& 30#)$?!$* (,(3(!#i7 +:()0#+)0 He (kγ, ↽µ) 3i- :+?0#2+7$3$ #0
2i!1(7$3$ "#0!03$ "$"#(3$ p+ d.

2.1.3. 3H;7L=Hi ?9B<@iO J;J8>5; p + d H <7GJ8>CB=59
?=C5G7iN5i

;,& :+A%’+7$ *7$,.+7$* 8%!21i9 "$"#(3$ p + d 7 )i=!$* 3+’(,&* !(+A*i’!+
)+=7’&=0#$ 7i’:+7i’!i )i7!&!!& G)(’i!B()0. ;,& 1i@5 3(#$ 7$2+)$"#0!+ 0,-
B(A)05?!% 7()"iE 3(#+’% )(=+!%E?$* B)%: (RGM), )+=)+A,(!% 7 )+A+#0* [61,
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62]. W& 7()"i& RGM 7$2+)$"#+7%@ :+7!$9 A0=$" +"1$,&#+)!$* 8%!21i9 ’,&
)+=2,0’% *7$,.+7$* 8%!21i9 7i’!+"!+B+ )%*% 2,0"#()i7. X2 )(=%,.#0#, )i7-
!&!!& G)(’i!B()0 =7+’$#."& ’+ "$"#(3$ ,i!i9!$* 0,B(A)05?!$* )i7!&!. ’,&
2+(8i1i@!#i7 )+=2,0’%. 6)i3 #+B+, 0,B(A)05?!0 7()"i& )(0,i=%@ :)07$,.!i B)0-
!$?!i %3+7$ 7 ’$"2)(#!+3% :)(’"#07,(!!i. ;,& 7$7?(!!& "$"#(3$ p+d 7 #)$-
2,0"#()!i9 3+’(,i 7$2+)$"#0!$9 :i’*i’ +:$"0!$9 7 [63].

/(+A*i’!+ :+A%’%70#$ *7$,.+7i 8%!21i5 "$"#(3$ p + d ’,& +A?$",(!!& 30-
#)$?!$* (,(3(!#i7 +:()0#+)0 He

(
kϑ, ↽

(ω)
)
. X2M+ iB!+)%70#$ :)$!1$: >0%,i

#0 7$2+)$"#+7%70#$ 0’i0A0#!% 0:)+2"$301iE, #+ *7$,.+7% 8%!21iE "$"#(3$
3+-!0 =0:$"0#$ &2

$ (r,q) = ⇁ (r)ψ (q) , (2.12)

’( *7$,.+70 8%!21i& ’(9#)+!0 ⇁ (r) @ )+=7’&=2+3 )i7!&!!& G)(’i!B()0 ’,&
’7+* #i,

(
Hd ↑ Ed

)
⇁ (r) = 0,

Hd = ↑
⊋2
2m

d
2

dr2
+ VNN (r) , (2.13)

’( m J 30"0 !%2,+!0. X2M+ :+#(!1i0, !%2,+!-!%2,+! VNN (r) 7$2+)$"#+7%@-
#."& 7 8+)3i

VNN (r) =
∑

S=0,1

∑

T=0,1

V2S+1,2T+1 (r) PS
PT , (2.14)

’( PS, PT J 1( +:()0#+)$ :)+@21i5 ":i!% S #0 i=+":i!% T ’7+!%2,+!!+5 "$"#(3$.
;,& ’(9#)+!0 7 )i7!&!!i (2.14) VNN (r) 30@ A%#$ =03i!(!+ !0 :0)!% 2+3:+!(!#%
V31 (r), +"2i,.2$ 9+B+ ":i! S = 1 #0 i=+":i! T = 0.

F!0,+Bi?!+, *7$,.+70 8%!21i& 7=0@3+’i5 :)+#+!0 = ’(9#)+!+3 :+7$!!0 =0-
’+7i,.!&#$ "7+@3% )i7!&!!E G)(’i!B()0:

(
Hp ↑ Ep

)
ψ (q) = 0,

Hp = ↑
⊋2
2m

d
2

dq2
+ Vpd (q) , (2.15)
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’( :+#(!1i9!0 (!()Bi& Vpd (q) )i7!0

Vpd (q) =


⇁ (r)

∣∣∣∣∣
∑

i=1,2

VNN (r3 ↑ ri) +
∑

i=1,2

VC (r3 ↑ ri)

∣∣∣∣∣⇁ (r)

. (2.16)

Pi7!&!!& (2.15) 7$=!0?0@ &2 :+?0#2+7% *7$,.+7% 8%!21iE ψEi (q), #02 i 2i!-
1(7% *7$,.+7% 8%!21iE ψEf (q) "$"#(3$ p+ d.

2.1.4. 0>8=: C>N=B9UT;D MC96

;,& )+=7’&=0!!& )i7!&!. G)(’i!B()0 (2.13) #0 (2.15) ’,& ’(9#)+!0 #0 "$"#(3$
p + d, *7$,.+7i 8%!21i5 ⇁Ed,l (r) #0 ψE,L (q) )+=2,0’0E#."& :+ A0=$"% +"1$,&-
#+)!$* 8%!21i9 =Bi’!+ = [61J63]

⇁Ed,l (r) =
N max∑

n=0

C
(Ed,l)
n %nl (r, b) ,

ψE,L (q) =
N max∑

n=0

C
(E,L)
n %nL (q, b) , (2.17)

’( %n (r, b) +"1$,&#+)!0 8%!21i&

%nL (r, b) = (↑1)nNnL b
↑3/2

φ
L
e
↑

1
2ϖ

2

L
L+1/2
n

(
φ
2
)
, φ =

r

b
(2.18)

= b - +"1$,&#+)!+E ’+7-$!+E, #0

NnL =


2& (n+ 1)

& (n+ L+ 3/2)
. (2.19)

/0Ai) 2+(8i1i@!#i7 )+=2,0’% {C
(Ed,l)
n } 3+-!0 )+=B,&’0#$ &2 *7$,.+7% 8%!-

21iE ’(9#)+!0 7 +"1$,&#+)!+3% :)(’"#07,(!!i, #+’i &2 2+(8i1i@!#$ )+=2,0’%
{C

(E,L)
n } @ *7$,.+7+E 8%!21i@E 7i’!+"!+B+ )%*% :)+#+!0 #0 ’(9#)+!0 7 #+3%

- :)(’"#07,(!!i.
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2.2. K)3;,i(&+ (-8$/,i&?()&&* ( 8$/D+2i
$/62i*&&* 8$/’/&) &) 1+E’$/&i

2.2.1. 0G8C;TBi >7>5>B8; MG7L5iHB=M= H;6C=5iBUHGBBF
9 <7GJ8>CB=59 ?=C5G7iN5i

;,& 0!0,i=% B0,.3i7!+B+ 7$:)+3i!E70!!& !(+A*i’!+ +A)0*%70#$ !0"#%:!$9
30#)$?!$9 (,(3(!# ’,& :)+1("% )+="i&!!& :)+#+!0 !0 ’(9#)+!i


⇁ (r)ψEf (q)

∣∣∣ He

(
kϑ, ↽

(ω)
)∣∣∣⇁ (r)ψEi (q)


. (2.20)

SBi’!+ = 3(#+’03$ ’7+- #0 #)$-2,0"#()!$* 3+’(,(9 *7$,.+7i 8%!21i5 ’(9#)+!0
#0 "$"#(3$ :)+#+!-’(9#)+! @ )+=7’&=203$ ’7+* +2)(3$* =0’0? G)(’i!B()0,
#+- 30#)$?!$9 (,(3(!# 3+-!0 )+=)0*+7%70#$ % ’70 (#0:$, ’( !0 :()D+3%
(#0:$ )+=B,&’0@#."& 30#)$?!$9 (,(3(!#

He (q) =

⇁ (r)

∣∣∣ He

(
kϑ, ↽

(ω)
)∣∣∣⇁ (r)


(2.21)

’( i!#(B)%70!!& 7i’A%70@#."& =0 7(2#+)+3 r. C$2+)$"#+7%E?$ )i7!&!!& (2.8),
30@3+

He

(
q
)
=


⇁(r)

∣∣∣∣ He


kϑ, ↽

(ω)

∣∣∣∣⇁(r)


=

=
1

2

e⊋
mNc


2
⇒
2


⇁(r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

(
↽
(ω)

, ς
↗

r

)∣∣∣∣⇁(r)

⇐

⇐ exp


i
⇒
6
(kϑq)


↑


2

3


⇁(r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

∣∣∣∣⇁(r)

⇐

⇐ exp


i
⇒
6
(kϑq)

(
↽
(ω)

, ς
↗

q

)
+ 2


2

3
exp


↑i


2

3
(kϑr)


⇐

⇐
(
↽
(ω)

, ς
↗

q

)
, (2.22)
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i

⇁(r)ψEf (q)

∣∣∣∣ He


kϑ, ↽

(ω)

∣∣∣∣⇁(r)ψEi(q)


=

=
1

2

e⊋
mNc


2
⇒
2


⇁(r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

(
↽
(ω)

, ς
↗

r

)∣∣∣∣⇁(r)

⇐

⇐


ψEf (q)

∣∣∣∣exp


i
⇒
6
(kϑq)

∣∣∣∣ψEi(q)


↑

↑


2

3


⇁(r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

∣∣∣∣⇁(r)

⇐

⇐


ψEf (q)

∣∣∣∣exp


i
⇒
6
(kϑq)

(
↽
(ω)

, ς
↗

q

)∣∣∣∣ψEi(q)


+

+ 2


2

3


ψEf (q)

∣∣∣∣exp

↑i


2

3
(kϑr)

(
↽
(ω)

, ς
↗

q

)∣∣∣∣ψEi(q)


. (2.23)

C )i7!&!!& (2.23) 7*+’$#. ’(2i,.20 A0=+7$* i!#(B)0,i7, &2i !(+A*i’!+ :+)0*%-
70#$:


⇁(r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

∣∣∣∣⇁(r)

,


⇁(r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

(
↽
(ω)

, ς
↗

r

)∣∣∣∣⇁(r)

,


ψEf (q)

∣∣∣∣exp


i
⇒
6
(kϑr)

∣∣∣∣ψEi(q)


,


ψEf (q)

∣∣∣∣exp


i
⇒
6
(kϑr)

(
↽
(ω)

, ς
↗

q

)∣∣∣∣ψEi(q)


. (2.24)

S 7$A)0!+E "$"#(3+E 2++)’$!0# % )i7!&!!i (2.4) *7$,.+7i 7(2#+)$ :+?0#2+-
7+B+ #0 2i!1(7+B+ "#0!i7 7$=!0?0E#."& &2 ki =


2mEi / ⊋2, kf =


2mEf / ⊋2,

’( (!()Bi5 Ei #0 Ef 7 H(C #0 7 "$"#(3i 1(!#)% 30".
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2.2.2. W=C5-?G<8=C;

C7(’(3+ !0"#%:!( 7$=!0?(!!& 8+)3-802#+)i7 ’(9#)+!% (7 8+)30,i=3i 2,0-
"#()!+5 3+’(,i):

F1(kϑ) =

⇁(r)

∣∣∣ exp
{
↑

i
⇒
2
(kϑr)

}∣∣∣⇁(r)

,

F2,ω(kϑ) =

⇁(r)

∣∣∣ exp
{
↑

i
⇒
2
(kϑr)

}
(↽(ω), ς↗

r)
∣∣∣⇁(r)


. (2.25)

S 5* ’+:+3+B+E 30#)$?!$9 (,(3(!# B0,.3i7!+B+ 7$:)+3i!E70!!& 7 )i7!&!-
!i (2.22) 3+-!0 :()(:$"0#$ &2


$Ef (r,q)

∣∣∣ Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Ei(r,q)


=

=
1

2

e ⊋
mNc

{ 2
⇒
2


ψEf (q)

∣∣∣ exp
{

i
⇒
6
(kϑq)

}∣∣∣ψEi(q)

· F2,ω ↑

↑


2

3


ψEf (q)

∣∣∣ exp
{

i
⇒
6
(kϑq)

}
(↽(ω), ς↗

q)
∣∣∣ψEi(q)


· F1 +

+ 2


2

3


ψEf (q)

∣∣∣ exp
{
↑i


2

3
(kϑq)

}
(↽(ω), ς↗

q)
∣∣∣ψEi(q)

}
, (2.26)

’(

$Ei(r,q) = ⇁ (r)ψEi (q) ,

$Ef (r,q) = ⇁ (r)ψEf (q) . (2.27)

C7(’(3+ !0"#%:!i 7$)0=$ ’,& 30#)$?!$* (,(3(!#i7

I1(ε) =


ψEf (q)

∣∣∣∣ e
↑iωkωq ▷

▷q

∣∣∣∣ψEi(q)



q

,

I2(ε) =

ψEf (q)

∣∣∣ e↑iωkωq
∣∣∣ψEi(q)



q
. (2.28)
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L+’i (2.26) :()(:$D(#."& &2


$Ef (r,q)

∣∣∣ Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Ei(r,q)


=

=
1

2

e ⊋
mNc

{ 2
⇒
2
· I2

(
↑1
⇒
6

)
· F2,ω↑

↑


2

3


ψEf (q)

∣∣∣ exp
{

i
⇒
6
(kϑq)

}
(↽(ω), ς↗

q)
∣∣∣ψEi(q)


· F1 +

+ 2


2

3


ψEf (q)

∣∣∣ exp
{
↑i


2

3
(kϑq)

}
(↽(ω), ς↗

q)
∣∣∣ψEi(q)

}
. (2.29)

Ci=.3(3+ ’+ %70B$
ςq = ↑i⊋ d

dq
, ς

↗

q = i⊋ d

dq
, (2.30)

30#$3(3+

ψEf (q)

∣∣∣ exp
{
±iε

↖ (kϑq)
}
(↽(ω), ς↗

q)
∣∣∣ψEi(q)


= i⊋ ↽(ω) I1(↙ε

↖). (2.31)

L+’i :+7!$9 30#)$?!$9 (,(3(!# 30#$3( 7$B,&’


$Ef (r,q)

∣∣∣ Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Ei(r,q)


=

= ↑
1

2

e ⊋
mNc

{ 2
⇒
2
F2,ω · I2

(
↑1
⇒
6

)
↑ i⊋


2

3
F1 ↽

(ω) I1
(
↑

1
⇒
6

)
+

+ 2 i⊋


2

3
↽
(ω) I1

(2

3

)}
. (2.32)

4 7$:0’2% !%,.+7+B+ 8+)3-802#+)0 F2,ω = 0, 30#)$?!$9 (,(3(!# ":)+M%-
@#."& ’+ 7$)0=%


$Ef (r,q)

∣∣∣ Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Ei(r,q)


=

↑ i
1

2


2

3

e ⊋2
mNc

{
F1 ↽µ I1

(
↑

1
⇒
6

)
↑ 2 ↽(ω) I1

(2

3

)}
. (2.33)
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2.2.3. 097L8;6=7LB;P C=N<7G:

4 :+’0,.D$* +A?$",(!!&* )i7!&!!& (2.33) :+#)iA!+ =!09#$ i!#(B)0,$ (2.28).
S0"#+"+7%E?$ 3%,.#$:+,.!$9 )+=2,0’, 1i i!#(B)0,$ !0A%70E#. 7$B,&’%

I1(ε) =


ψEf (q)

∣∣∣∣ e
↑iωkωq ▷

▷q

∣∣∣∣ψEi(q)



q

=

=


ς

2

∑

lω=1

(↑i)lω

2lϑ + 1

∑

µ=±1

εµ µ ⇐


p
M
lωµ(ε)↑ iµ p

E
lωµ(ε)


,

I2(ε) =

ψEf (q)

∣∣∣ e↑iωkωq
∣∣∣ψEi(q)



q
=

=


ς

2

∑

lω=1

(↑i)lω

2lϑ + 1

∑

µ=±1


µ p̃

M
lωµ(ε)↑ i p̃

E
lωµ(ε)


, (2.34)

’(

p
M
lωµ(ε) = ↑IM(0, lf , lϑ, 1, µ) · J1(ε, 0, lf , lϑ),

p
E
lωµ(ε) =


lC + 1

2lϑ + 1
· IE(0, lf , lϑ, 1, lϑ ↑ 1, µ)⇐

⇐ J1(ε, 0, lf , lϑ ↑ 1) ↑


lϑ

2lϑ + 1
· IE(0, lf , lϑ, 1, lϑ + 1, µ)⇐

⇐ J1(ε, 0, lf , lϑ + 1),

p̃
M
lωµ(ε) = Ĩ (0, lf , lϑ, lϑ, µ) · J̃ (ε, 0, lf , lϑ),

p̃
E
lωµ(ε) =


lϑ + 1

2lϑ + 1
Ĩ (0, lf , lϑ, lϑ ↑ 1, µ) · J̃ (ε, 0, lf , lϑ ↑ 1) ↑

↑


lϑ

2lϑ + 1
Ĩ (0, lf , lϑ, lϑ + 1, µ) · J̃ (ε, 0, lf , lϑ + 1), (2.35)
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#0

J1(ε, li, lf , n) =

+↓∫

0

dRi(r, li)

dr
R

↗

f(lf , r) jn(ε kr) r2dr,

J̃ (ε, li, lf , n) =

+↓∫

0

Ri(r)R
↗

f(l, r) jn(εkϑr) r
2
dr. (2.36)

L%#, ◁µ J 1( 7(2#+)$ 2)%B+7+5 :+,&)$=01i5 = :)+#$,(-!$3$ !0:)&3203$ +A()-
#0!!& (’$7$". % [64]).

L02+- 30@3+ !0"#%:!i 7,0"#$7+"#i

∑

ω=1,2

ω(ω) · I1 =


ς

2

∑

lω=1

(↑i)lω

2lϑ + 1

∑

µ=±1

µhµ

(
p
M
lω ,µ + p

E
lω ,↑µ

)
,

(ωx + ωz)
∑

ω=1,2


I1 ⇐ ω(ω)


=


ς

2

∑

lω=1

(↑i)lω

2lϑ + 1

∑

µ=±1

µhµ

(
p
M
lω ,µ ↑ p

E
lω ,↑µ

)
,

(2.37)

’(

h± = ↙
1± i
⇒
2
, h↑ + h+ = ↑i

⇒

2,
∑

µ=±1

µhµ = ↑h↑ + h+ = ↑

⇒

2,

∑

ω=1,2

ω(ω),↗ = h↑1◁
↗

↑1 + h+1◁
↗

+1. (2.38)

2.2.4. +;6G:=< li = 0, lf = 1, lγ = 1

4 7$:0’2% li = 0, lf = 1, lϑ = 1 i!#(B)0,$ (2.34) ":)+M%E#."& ’+

I1 = ↑i


3ς

2

∑

µ=±1

εµ µ ⇐


p
M
lω=1, µ ↑ iµ p

E
lω=1, µ


,

I2 = ↑i


3ς

2

∑

µ=±1


µ p̃

M
lω=1, µ ↑ i p̃

E
lω=1, µ


, (2.39)
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’( 7$)0=$ (2.35) !0A%70E#. 7$B,&’%

p
M
lωµ = 0, pElωµ =

1

6


1

ς
· J1(0, 1, 0)↑

47

240


1

2ς
· J1(0, 1, 2),

p̃
M
1µ(c) =

µ

2
⇒
2ς

· J̃ (c, 0, 1, 1), p̃E1µ(c) = 0. (2.40)

>i’"#07$3+ 1i 7$)0=$ 7 )i7!&!!& (2.40) i +#)$30@3+

I1 = ↑
1

6
·


3

2

∑

µ=±1

εµ ·
(
J1(0, 1, 0)↑

47

40


1

2
· J1(0, 1, 2)

)
. (2.41)

I!#(B)0,$ !( =0,(-0#. 7i’ 7(2#+)i7 :+,&)$=01i5

I1 = ↑
1

6
·


3

2

(
J1(0, 1, 0)↑

47

40


1

2
· J1(0, 1, 2)

)(
εµ=+1 + εµ=↑1

)
. (2.42)

L02+- = )i7!&!. (2.40) =!0*+’$3+

I2(ε) = ↑i

⇒
3

2
J̃ (ε, 0, 1, 1). (2.43)

2.2.5. +><8=C; 6=7FC;NG@iO

C$2+)$"#+7%@#."& 7$=!0?(!!& 7(2#+)i7 :+,&)$=01i5 &2 7 )+A+#i [56]:

ω(1) =
1
⇒
2

(
ε↑1 ↑ ε+1

)
, ω(2) =

i
⇒
2

(
ε↑1 + ε+1

)
, (2.44)

#0
ω(1) ·

(
εµ=+1 + εµ=↑1

)
= 0, ω(2) ·

(
εµ=+1 + εµ=↑1

)
= ↑ i

⇒

2. (2.45)

S )i7!&!!& (2.43) =!0*+’$3+:

ω(1) · I1 = 0, ω(2) · I1(ε) = i

⇒
3

6
·

(
J1(ε, 0, 1, 0)↑

47

40


1

2
· J1(ε, 0, 1, 2)

)
. (2.46)

L(:() 3+-!0 :()()0*%70#$ 30#)$?!$9 (,(3(!# (2.33) &2 (:)$ µ = 1 7i!
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’+)i7!E@ !%,E)


$Ef (r,q)

∣∣∣ Ĥϑ(kϑ, ↽
(ω=2))

∣∣∣$Ei(r,q)


=

=

⇒
2 e ⊋2

12mNc

{
F1


J1

(
↑

1
⇒
6
, 0, 1, 0

)
↑

47

40


1

2
· J1

(
↑

1
⇒
6
, 0, 1, 2

)
↑

↑ 2

J1

(2

3
, 0, 1, 0

)
↑

47

40


1

2
· J1

(2

3
, 0, 1, 2

)}
, (2.47)

’( i!#(B)0,$ 7$=!0?(!i = )i7!&!!& (2.36).

2.2.6. 0G8C;TBi >7>5>B8; 9 ?=7:iBM-BGI7;E>BBi

SBi’!+ = [56] 30#)$?!i (,(3(!#$ ’,& ’7+* s-2,0"#()i7 (#+A#+ ’,& 2,0"#()i7 =
1 → Aω → 4 0A+ ’,& n, p, d, 3H, 3He, 4He) 3+-( A%#$ =0:$"0!0 &2


$Ef lf

∣∣∣Ĥϑ(kϑ, ω
(ω))

∣∣∣$Eili



fold

=
e⊋
mNc


A2

A1A
⇐

⇐


REf lf (r)Ylfmf (ri)

∣∣∣∣exp

↑i


A2

A1A
(kϑ, r)


(ω(ω), ϑ̂)

∣∣∣∣REili(r)Ylimi(ri)

F1↑

↑


A1

A2A
⇐

⇐


REf lf (r)Ylfmf (ri)

∣∣∣∣exp

i


A1

A2A
(kϑ, r)


(ω(ω), ϑ̂)

∣∣∣∣REili(r)Ylimi(ri)

F2


.

(2.48)

C "#0!’0)#!+3% !0A,$-(!!i 3(#+’% )(=+!%E?$* B)%:, 8+)3-802#+) Fn )i7-
!$9 (n = 1, 2).

Fn =

%n(An)

∣∣∣F (n)
0

∣∣∣%n(An)

= Zn exp


↑
1

4

An ↑ 1

An
(k, b)2


, (2.49)

’( b - +"1$,&#+)!0 ’+7-$!0. C$2+)$"#+7%E?$ 7,0"#$7i"#. (2.31):

ψEf (q)

∣∣∣ exp
{
±iε

↖ (kϑq)
}
(↽(ω), ς↗

q)
∣∣∣ψEi(q)


= i⊋ ↽(ω) I1(↙ε

↖), (2.50)
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3+-!0 :()(:$"0#$ 30#)$?!$9 (,(3(!# &2


$Ef lf

∣∣∣Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Eili



fold

=

= i
e⊋2
mNc

↽
(ω)


A2

A1A
I1
(

A2

A1A

)
F1 ↑


A1

A2A
I1
(
↑


A1

A2A

)
F2


. (2.51)

C$2+)$"#+7%E?$ 7,0"#$7i"#. (2.46) 30@3+


$Ef lf

∣∣∣Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Eili



fold

=

⇒
3 e⊋2

6mNc

{
A2

A1A


J1

(
A2

A1A
, 0, 1, 0

)
↑

↑
47

40


1

2
J1

(
A2

A1A
, 0, 1, 2

)
F1 ↑

↑


A1

A2A


J1

(
↑


A1

A2A
, 0, 1, 0

)
↑

47

40


1

2
J1

(
↑


A1

A2A
, 0, 1, 2

)
F2

}
. (2.52)

S+2)(30, ’,& :)+#+!0 7$2+)$"#0@3+ :+=!0?(!!& A1 = 1, F1 = Fp, ’,& ’(9-
#)+!0 J A2 = 2, F2 = FD i 30@3+


$Ef lf

∣∣∣Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Eili



fold

=

⇒
3 e⊋2

6mNc

{2

3


J1

(2

3
, 0, 1, 0

)
↑

↑
47

40


1

2
J1

(2

3
, 0, 1, 2

)
Fp ↑

↑


1

6


J1

(
↑


1

6
, 0, 1, 0

)
↑

47

40


1

2
J1

(
↑


1

6
, 0, 1, 2

)
FD

}
. (2.53)

;,& :+’0,.D+B+ 0!0,i=% 7$)0= (2.53) =)%?!+ :()(:$"0#$ &2


$Ef lf

∣∣∣Ĥϑ(kϑ, ↽
(ω))

∣∣∣$Eili



fold

=

⇒
2 e⊋2

12mNc

{
J1

(
↑


1

6
, 0, 1, 0

)
↑

↑
47

40


1

2
J1

(
↑


1

6
, 0, 1, 2

)
FD↑

↑ 2

J1

(2

3
, 0, 1, 0

)
↑

47

40


1

2
J1

(2

3
, 0, 1, 2

)
Fp

}
. (2.54)
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2.2.7. +;NBGT>BBF 6>C>CiN9 MG7L5iHB=M= H;6C=5iBUHGBBF

;,& )+=)0*%!2% :()()i=% B0,.3i7!+B+ 7$:)+3i!E70!!& 7$2+)$"#0@3+ 7$=!0-
?(!!& = )+A+#$ [56]

d ϱ
(1)

d’A1 d’A2 d’ϑ
=

Eϑ

(2ς⊋)4
(
p1f

⊋c

) sin2 ϖ1 sin2 ϖ2
sin5(ϖ1 + ϖ2)

⇐

⇐
1

2J + 1

∑

µMi

∣∣∣

$ẼL̃

∣∣∣Ĥϑ(kϑ, ↽
(ω))

∣∣∣$EL

∣∣∣
2
, (2.55)

’( p1 J i3:%,." 7*i’!+B+ &’)0 (2,0"#()0) A1, ϖ1 #0 ϖ2 J 2%#$ )+="i&!!& :()D+B+
#0 ’)%B+B+ 2,0"#()i7 7 ,0A+)0#+)!i9 "$"#(3i 7i’,i2%.

;,& :+’0,.D+B+ 0!0,i=% A%’( ?$"(,.!+ :+)0*+70!+ 30#)$?!$9 (,(3(!#, M+
7*+’$#. 7 )i7!&!!& (2.55) !0 +"!+7i )i=!$* :i’*+’i7, +:$"0!$* 7$M(.

2.3. C83-( 8)$),+’$i( ,/1+3+E &) 0)3;,i(&+
(-8$/,i&?()&&* ( 8$/D+2i p + d

2.3.1. 3H;7L=HG ?9B<@iF :>P8C=BG

R7$,.+70 8%!21i& ’(9#)+!0 :+7$!!0 A%#$ )+=7’&=2+3 7i’:+7i’!+B+ )i7!&!!&
G)(’i!B()0 (2.13) = 7$A)0!$3 :+#(!1i0,+3. ;,& :+#(!1i0,% 7=0@3+’i5 !(9#)+-
!0 #0 :)+#+!0 7 ’(9#)+!i +A)0!+ :+#(!1i0, Hi!!("+#$, M+ +:$"0!$9 7 )+-
A+#i [59]. T!()Bi& =7’&=2% ’(9#)+!0 :)$ 7$2+)$"#0!!i 1.+B+ :+#(!1i0,% )i7!0
Ed = ↑2.202 H(C. ;,& :+A%’+7$ *7$,.+7+5 8%!21i5 ’(9#)+!0 7$2+)$"#+7%-
707"& 3(#+’ )(=+!%E?$* B)%:, ’( *7$,.+70 8%!21i& ’(9#)+!0 )+=2,0’(!0 :+
A0=$"% +"1$,&#+)!$* 8%!21i9 =Bi’!+ = )+=2,0’03$ 7 )i7!&!!i (2.17). /0 )$"%!-
2% 2.2 !07(’(!$9 7$B,&’ *7$,.+7+5 8%!21i5 ’(9#)+!0 #0 =!0?(!!& 2+(8i1i@!#i7
Cn :i",& )+=)0*%!2i7.

F"$3:#+#$?!0 :+7(’i!20 *7$,.+7+5 8%!21i5 ’(9#)+!0 7 2++)’$!0#!+3%
:)(’"#07,(!!i

⇁Ed,L=0 (r) ⇑ exp {↑0r} /r, (2.56)
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P$". 2.2.: R7$,.+70 8%!21i& ’(9#)+!% ⇁ (r) 7 2++)’$!0#!+3% :)+"#+)i (=,i70)
#0 7 +"1$,&#+)!+3% :)+"#+)i Cn (":)070) 7 A0=$"i (2.17).

’(

0 =


2m |Ed|

⊋2 =


2⇐ 2, 202

41, 47
= 0, 325879 83↑1

. (2.57)

S #02$3 7$=!0?(!!&3 0, 7(2#+) X2+Ai r 7$3i)E@#."& 7 8(3#+3(#)0* (83).
C0)#+ 7i’=!0?$#$, M+ 8%!21i& (2.56) @ #+?!$3 )+=7’&=2+3 ’7+?0"#$!2+7+5

=0’0?i = 2+!#02#!+E 7=0@3+’i@E

V (r) = V01 (r) . (2.58)

WE 7=0@3+’iE #02+- !0=$70E#. 7=0@3+’i@E !%,.+7+5 7i’"#0!i #0 D$)+2+ 7$2+-
)$"#+7%E#. 7 0#+3!i9 #0 &’()!i9 8i=$1i (:)$2,0’ 7$2+)$"#0!!& % )+A+#i [65]).
/+)3+70!0 8%!21i& :)$ 7$2+)$"#0!!i 1.+B+ :+#(!1i0,% 30@ 7$B,&’

⇁ (r) =
⇒

20 exp {↑0r} /r. (2.59)

4 ’7+-2,0"#()!i9 3+’(,i *7$,.+70 8%!21i& ’(9#)+!0 =AiB0@#."& = *7$,.+7+E
8%!21i@E 7 +A+,+!2+7i9 3+’(,i

⇁ (r) =
1

b3/2
exp


↑
1

2

(
r

b

)2

. (2.60)

X7!$9 7$B,&’ 8+)3-802#+)0 ’(9#)+!0 (2.25) = 7$2+)$"#0!!&3 #02+5 *7$,.+7+5
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8%!21i5 
⇁ (r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

∣∣∣∣⇁ (r)


= exp


↑
1

8
(kϑb)

2


. (2.61)

<+)3-802#+) ’(9#)+!0 :)$ 7$2+)$"#0!!i *7$,.+7+5 8%!21i5 (2.59):


⇁ (r)

∣∣∣∣exp

↑

i
⇒
2
(kϑr)

∣∣∣∣⇁ (r)


=
2
⇒
20

kϑ
arctan


kϑ

2
⇒
20


. (2.62)

<+)3-802#+) (2.62) :+7i,.!iD( ":0’0@ = kϑ 7 :+)i7!&!!i = (2.61).

2.3.2. 1=H>:iB<G DH;7L=H=O ?9B<@iO 8G ?=C5-?G<8=CG
:>P8C=BG

C )i7!&!!& (2.55) 7*+’$#. 30#)$?!$9 (,(3(!# (2.20), :+7(’i!20 &2+B+ =0,(-
-$#. 7i’ *7$,.+7+5 8%!21i5 ’(9#)+!0 % =7’&=0!+3% "#0!i. C 1.+3% :%!2#i A%-
’( ’+",i’-(!0 :+7(’i!20 *7$,.+7+5 8%!21i5 ’(9#)+!0 #0 9+B+ 8+)3-802#+).
R7$,.+70 8%!21i& ’(9#)+!% :+A%’+70!0 = 7$2+)$"#0!!&3 :+#(!1i0,% Hi!!("+-
#$ [59]. R7$,.+70 8%!21i& ’(9#)+!% :+A%’+70!0 = 7$2+)$"#0!!&3 +A+,+!2+7+5
3+’(,i ()i7!&!!& (2.60) #0 (2.61)) #0 2,0"#()!+5 3+’(,i. P(=%,.#0# !07(’(!$9
!0 )$"%!2% 2.3. <+)3-802#+)$ ’(9#)+!0 !07(’(!i !0 )$"%!2% 2.4.

P$". 2.3.: R7$,.+7i 8%!21i5 ’(9#)+!0, :+)0*+70!i 7 +A+,+!2+7i9 (SM) #0 2,0-
"#()!i9 (IH) 3+’(,&* 7 !0#%)0,.!+3% (=,i70) #0 ,+B0)$83i?!+3% (":)070)
30"D#0A0*.
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P$". 2.4.: <+)3-802#+)$ ’(9#)+!0 7 +A+,+!2+7i9 (SM) #0 2,0"#()!i9 (CM)
3+’(,&* 7 !0#%)0,.!+3% (=,i70) #0 ,+B0)$83i?!+3% (":)070) 30"D#0A0*.

/0 )$"%!20* 2.3 #0 2.4 7 ,+B0)$83i?!+3% 30"D#0Ai ’+A)( 7$’!+ )i=!$1E 7
:+7(’i!1i *7$,.+7+5 8%!21i5 ’(9#)+!0 #0 9+B+ 8+)3-802#+)0, :+)0*+70!$* =
7$2+)$"#0!!&3 )i=!$* 3+’(,(9.

2.3.3. 3H;7L=Hi ?9B<@iO p + d J;J8>5;

;,& ’+",i’-(!!& 7=0@3+’i5 :)+#+!0 #0 ’(9#)+!0 3+-!0 :+A%’%70#$ *7$,.+7i
8%!21i5 "$"#(3$ &2i @ )+=7’&=2+3 )i7!&!!& (2.15). /0 )$"%!2% 2.5 !07(’(!+
="%7 80= :)%-!+B+ )+="i&!!& :)+#+!0 !0 ’(9#)+!i. S )$"%!20 7$’!+, M+ !09-
"$,.!iD0 7=0@3+’i& ":+"#()iB0@#."& 7 "#0!i 1/2+, M+ 7i’:+7i’0@ =7’&=0!+3%
"#0!% 3He. ;,& E > 100 H(C ="%7$ 80= 7 %"i* "#0!0* @ 30,$3$, #+- 7 1i9
+A,0"#i 3+-!0 7$2+)$"#+7%70#$ 0:)+2"$301iE N+)!0.

/0 )$"%!2% 2.6 !07(’(!i *7$,.+7i 8%!21i5 p+d 7 "#0!0* 1/2+ #0 1/2- "$"#(3$
7 =0,(-!+"#i 7i’ 7i’"#0!i 3i- !0,i#0E?$3 :)+#+!+3 #0 ’(9#)+!+3. X2 7$’!+
= )$"%!2%, %"i* *7$,.+7i 8%!21i5 30E#. 7(,$2% 03:,i#%’% !0 30,$* 7i’"#0!&*
3i- 2,0"#()03$ (r < 5 83) #0 :+7i,.!+ =3(!D%E#."& &2 1/r. Wi *7$,.+7i
8%!21i5 :+A%’+70!i =0 :)+1(’%)+E, !07(’(!+E 7 )+A+#0* [57, 60].
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P$". 2.5.: S"%7 80=$ :)$ :)%-!+3% p+ d )+="i&!!i.

P$". 2.6.: R7$,.+7i 8%!21i5 !(:()()7!+B+ ":(2#)0 "#0!i7 :)$ 1/2+ (=,i70) #0
1/2↑ (":)070) "#0!0* p+ d "$"#(3$.
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2.3.4. +67;H B9<7=B-B9<7=BB;D 6=8>B@iG7iH BG
HNGA5=:iU 5iE 6C=8=B=5 8G :>P8C=B=5

C )i7!&!!& G)(’i!B()0, &2( +:$"%@ ’(9#)+! (2.13) #0 7=0@3+’iE 3i- :)+#+!+3
#0 ’(9#)+!+3 (2.15) 3+-!0 +A)0#$ )i=!i :+#(!1i0,$ ’,& 0!0,i=%. Wi :+#(!1i0-
,$ 7:,$70E#. !0 :+A%’+70!i *7$,.+7i 8%!21i5 #0 !0 ="%7 80= :)$ :)%-!+3%
)+="i&!!i :)+#+!0 !0 ’(9#)+!i. C ’+",i’-(!!i A%,+ 7$2+)$"#0!+ !0"#%:!i :+-
#(!1i0,$:

• :+#(!1i0, C+,2+70 (!0 )$"%!20* :+=!0?(!$9 VP) [66];

• 3+’$8i2+70!$9 :+#(!1i0, R0"(B07$-/0K0#$ (:+=!0?(!$9 MHNP) [67, 68];

• :+#(!1i0, Hi!!("+#$ (:+=!0?(!$9 HP) [59].

/0 )$"%!2% 2.7 =+A)0-(!i :0)!i 2+3:+!(!#$ V31 #0 V13 =0=!0?(!$* :+#(!1i-
0,i7.

P$". 2.7.: >0)!i 2+3:+!(!#$ V31 #0 V13 !%2,+!-!%2,+!!$* :+#(!1i0,i7 MHNP,
MP #0 VP &2 8%!21i5 7i’"#0!(9 3i- !%2,+!03$.

S"%7 80= :)$ :)%-!+3% )+="i&!!i p+d =+A)0-(!$9 !0 )$"%!2% 2.8 = %)0*%-
70!!&3 )i=!$* :+#(!1i0,i7 7=0@3+’i5 3i- :)+#+!+3 #0 ’(9#)+!+3. /0 )$"%!-
2% 2.8 =,i70 7$’!+, M+ ="%7 80= 7 "#0!i 1/2+ ",0A2+ =0,(-$#. 7i’ +A)0!+B+
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!%2,+!-!%2,+!!+B+ :+#(!1i0,%, +"+A,$7+ :)$ E < 50 H(C. /0 #+3% - )$"%!-
2% ":)070 !07(’(!$9 ="%7 80= 7 "#0!i 1/2↑ i =0 1$* (!()Bi9 7+!$ ’(3+!"#)%E#.
)(=+!0!"!+-:+’iA!% :+7(’i!2%. O1i!20 D$)$!$ #02$* "#0!i7 3(!D0 =0 20 H(C,
0 03:,i#%’$ 5* 30,i, +#-(, #02i "#0!i !( 3+-%#. 770-0#$"& )(=+!0!"!$3$.
I#0! 1/2+ #0 1/2↑ 3+-%#. A%#$ :+7’&=0!i 3i- "+A+E +:()0#+)+3 ’$:+,.!+B+
:()(*+’%.

P$". 2.8.: S"%7 80=$ :)$ p+d )+="i&!!i 7 1/2+ (=,i70) #0 1/2↑ (":)070) "#0!0*,
:+)0*+70!i 7 #).+* )i=!$* !%2,+!-!%2,+!!$* :+#(!1i0,0*.

/0 )$"%!2% 2.9 !07(’(!i *7$,.+7i 8%!21i5 p + d "$"#(3$, )+=)0*+70!$3$
!0 +"!+7i #).+* )i=!$* :+#(!1i0,i7 :)$ (!()Bi5 7 "$"#(3i 1(!#)0 30" E =

147 H(C. R7$,.+7i 8%!21i5 "$"#(3$ 30,+ 7i’)i=!&E#."& :)$ 7$2+)$"#0!!i
)i=!$* !%2,+!-!%2,+!!$* :+#(!1i0,i7, )i=!$1& 3i- !$3$ :+3i#!0 #i,.2$ !0
30,$* 7i’"#0!&* 3i- :)+#+!+3 #0 ’(9#)+!+3 (r < 1 83 !0 )$"%!2% ":)070,
’,& "#0!% 1/2+). /0 1.+3% - )$"%!2% =,i70 =+A)0-(!i *7$,.+7i 8%!21i5 7 "#0!i
1/2↑, i 7+!$ 30E#. :+3i#!i 302"$3%3$ :)$ 30,$* 7i’"#0!&* 3i- :)+#+!+3 #0
’(9#)+!+3 (0, 8 < r < 2, 5 83).

2.3.5. 4G7>EBiJ8L 6>C>CiN9 MG7L5iHB=M= H;6C=5iBUHGBBF
Hi: 6GCG5>8CiH 5=:>7i :>P8C=BG

R7$,.+70 8%!21i& ’(9#)+!0 (2.60) 3i"#$#. 7 "+Ai +"1$,&#+)!$9 :0)03(#) b i
3+-!0 ’+",i’$#$ 9+B+ 7:,$7 !0 B0,.3i7!( 7$:)+3i!E70!!& =Bi’!+ = (2.55).
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P$". 2.9.: R7$,.+70 8%2!1i& p+d "$"#(3$ 7 "#0!0* 1/2+ (=,i70) #0 1/2↑ (":)0-
70) =0 (!()Bi5 E = 147 H(C.

C$2+)$"#+7%E?$ :0)03(#) b &2 70)i01i9!$9 % ’7+-2,0"#()!i9 3+’(,i, @ 3+-
-,$7i"#. ’+",i’$#$ 9+B+ 7:,$7 !0 B0,.3i7!( 7$:)+3i!E70!!&, M+ "%:)+7+-
’-%@ )+="i&!!& :)+#+!0 !0 ’(9#)+!i. O:#$30,.!( =!0?(!!& 1.+B+ :0)03(#)0
3+-!0 7$=!0?$#$ = :+)i7!&!!& #(+)(#$?!$* #0 (2":()$3(!#0,.!$* ’0!$* ’,&
)i=!$* (!()Bi9 :)+#+!-’(9#)+!!$* =i#2!(!..

;(&20 i!8+)301i& :)+ "#)%2#%)% ’(9#)+!% 72,E?(!0 7 9+B+ 8+)3-802#+)i,
&2$9 +#)$30!+ 7 8+,’i!B-!0A,$-(!!i (2.49) #0 2,0"#()!$* 3+’(,&* (2.61).

/0 )$"%!2% 2.10 :)(’"#07,(!i )(=%,.#0#$ )+=)0*%!2i7 ’,& )i=!$* (!()Bi9
7 "$"#(3i 1(!#)0 30" ’,& :)+1("% )+="i&!!& :)+#+!0 !0 ’(9#)+!i. L02+- !0
)$"%!2% 2.10 :)+7(’(!i )+=)0*%!2$ ’,& (!()Bi5 E = 145 H(C #0 :+)i7!&!-
!i = (2":()$3(!#0,.!$3$ ’0!$3$, %=&#$3$ = )+A+#$ [58] (:%?+2 ’(9#)+!i7 !0
:)+#+!!% 3iD(!.). >)$ 7$"+2$* (!()Bi&* :%?20 :)+#+!i7 :+3i#!$9 7:,$7 +"1$-
,&#+)!+B+ :0)03(#)0 b, M+ 7*+’$#. 7 8+)3-802#+) ’(9#)+!0 (2.61).

2.4. C-2&/(.- 1/ $/61i3% 2

C )+=’i,i 2 A%,+ :+A%’+70!+ 3+’(,. ’(9#)+!0 !0 +"!+7i ’7+- #0 #)$-2,0"#()!$*
3+’(,(9 #0 ’+",i’-(!+ 7:,$7 :0)03(#)i7 3+’(,i !0 B0,.3i7!( 7$:)+3i!E70!-
!&, M+ "%:)+7+’-%@ :)+1(" )+="i&!!& :)+#+!0 !0 ’(9#)+!i.

4 ’7+-2,0"#()!i9 3+’(,i *7$,.+70 8%!21i& ’(9#)+!% (2.60) 3i"#$#. 7 "+Ai
+"1$,&#+)!$9 :0)03(#) b. N%,+ ’+",i’-(!+ 9+B+ 7:,$7 !0 B0,.3i7!( 7$:)+3i-
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P$". 2.10.: >()()i= B0,.3i7!+B+ 7$:)+3i!E70!!& ’,& p + d :)+1("%, )+=)0*+-
70!0 =0 8+)3%,+E (2.55) = 8+)3-802#+)03$, 7$=!0?(!$3$ )i7!&!!&3$ (2.61)
= b = 1, 3 83 (:+=!0?(!$9 S !0 )$"%!2%), (2.61) = b = 0 83 (:+=!0?(!$9 0) #0
(2.62) (:+=!0?(!$9 I). P+=)0*%!2$ A%,$ :)+7(’(!i ’,& (!()Bi9 :%?20 ’(9#)+!i7
145 H(C, 500 H(C #0 1,5 U(C.

!E70!!&, )+=)0*+70!( =0 ’+:+3+B+E )i7!&!!& (2.55). L02+- A%,+ ’+",i’-(!+
7:,$7 )i=!$* :+#(!1i0,i7 !0 *7$,.+7i 8%!21i5 ’(9#)+!% #0 "$"#(3$ :)+#+!-
’(9#)+!, &2i =+A)0-(!i !0 )$"%!20* 2.5, 2.6, 2.8 #0 2.9.

>+)i7!&!!& 3+’(,i = (2":()$3(!#+3 [58] :+20=0,+ B0)!$9 =AiB )+=)0*%!2i7 =
’0!$3$. H+’(,. :+20=%@ 30,% ?%#,$7i"#. 8+)3$ ":(2#)0 B0,.3i7!+B+ 7$:)+-
3i!E70!!& ’+ :0)03(#)0 b 3+’(,i =0 #02$* (!()Bi9. C:,$7 1.+B+ :0)03(#)0 !0
:()()i= =Ai,.D%@#."& :)$ =Ai,.D(!!i (!()Bi5 :%?20 :)+#+!i7.
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()*+i, 3.

%’,4. #161+).4=/ 3)"’/3$047
*i6 0/ #’13$6 >/,;"i.0)>)
.4’6)"i0<./005 ’64 6)*#i500i
0&3,)0i. 0/ /$)"047 5+6/7

4 1.+3% )+=’i,i ’+",i’-%E#."& 7,0"#$7+"#i 0#+3!$* &’() 7 "()(’+7$Mi 2+3-
:02#!$* =i) J Ai,$* 20),$2i7 #0 !(9#)+!!$* =i) [1] J 0 #02+- B0,.3i7!( 7$:)+-
3i!E70!!&, M+ "%:)+7+’-%@ :)+1("$ )+="i&!!& !%2,+!i7 !0 0#+3!$* &’)0* 7
#02+3% "()(’+7$Mi. ;,& 7$2+!0!!& #02+B+ ’+",i’-(!!& A%,0 :+A%’+70!0 #(+-
)(#$?!0 3+’(,. +:$"% 0#+3!$* &’(), &20 3i"#$#. 7 "+Ai ’+’0!2$, M+ +:$"%E#.
"()(’+7$M( 2+3:02#!+5 =+)i.

;,& :+A%’+7$ 3+’(,i 0#+3!$* &’() 7$2+)$"#+7%@#."& 3+’(,. ’(8+)3+70!$*
+"1$,&#+)!$* +A+,+!+2 (;OO) [69], &20 :i’*+’$#. ’,& )+=)0*%!2% (!()Bi5
=7’&=2% 0#+3!$* &’() = ’(8+)301i&3$. H+’(,. ;OO ,(B2+ 3+’$8i2%@#."& ’,&
=0"#+"%70!!& % 2+3:02#!$* =+)&*. ;,& 1.+B+ 7 55 B03i,.#+!i0! A%’( 72,E?(!$9
’+’0!+2, &2$9 +:$"%@ "()(’+7$M( =+)i ?()(= %3+7% )i7!+70B$ 3i- B)07i#01i@E
9 #$"2+3.

H+’(,. ;OO, *+? i @ +’!+E = !09:)+"#iD$* ’,& +:$"% 0#+3!$* &’() ?()(=
)+=7’&=+2 A0B0#+!%2,+!!+5 =0’0?i % 270!#+7i9 3(*i!i1i, ’+=7+,&@ ’%-( D7$’2+
)+=)0*+7%70#$ 5* (!()BiE =7’&=2%. T!()Bi& =7’&=2% 7$A)0!0 2,E?+7$3 :0)03(-
#)+3 ’,& ’+",i’-(!!& 0#+3!$* &’(), 0’-( "03( 7+!0 ’+=7+,&@ D7$’2+ =)+-
=%3i#$, ?$ 3+-%#. !%2,+!$ %#7+)E70#$ =7’&=0!$9 "#0!. L02+- 3+’(,. ’%-(
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:)+"#+ 3+’$8i2%70#$ ’,& ’+",i’-(!!& 7:,$7% "()(’+7$M0 2+3:02#!$* =i) !0
(!()BiE =7’&=2% 0#+3!$* &’().

I"!%E#. i!Di 3+’(,i, &2i #+?!iD( +:$"%E#. 0#+3!i &’)0 7 "()(’+7$Mi =i),
0,( ?0"#+ #02i 3+’(,i 7$30B0E#. 7(,$2+B+ :)+1("+)!+B+ ?0"% ’,& ?$"(,.!$*
)+=)0*%!2i7 ?$ !0&7!+"#i "%:()2+3:’E#()i7. X2 :)$2,0’, 3+-!0 !07("#$ :i’-
*i’ Ab Initial calculations [22], &2$9 #+?!iD( +:$"%@ 0#+3!i &’)0, 0,( 7$30B0@
=0"#+"%70!!& "%:()2+3:’E#()i7.

>+:%,&)!i #02+- 3+’(,i +:$"% 0#+3!$* &’() 7 "()(’+7$Mi 2+3:02#!$* =i)
!0 +"!+7i #(+)i5 "()(’!.+B+ :+,& (RMF) [10, 11, 20, 21]. R+? #02i 3+’(,i 7-(
7)0*+7%E#. )(,&#$7i"#".2i (8(2#$, &2i :+7$!!i A%#$ :)$"%#!i3$ 7 !(9#)+!!$*
=+)&*, #02$9 :i’*i’ !( ’+=7+,&@ ’+",i’$#$ "03( (!()Bi5 =7’&=2% 0#+3!$* &’().

6,E?+7$3 ’,& +:$"% 2+3:02#!$* =i) A%’( 7$Ai) 7i’:+7i’!+B+ )i7!&!!& "#0-
!% )(?+7$!$. C !09:)+"#iD+3% 70)i0!#i )i7!&!!& :+,i#)+:$ ’+A)( +:$"%@ =+)i
!(70-2i =+)i B+,+7!+5 :+",i’+7!+"#i, &2 I+!1(, #02 i Ai,i 20),$2$. ;,& 2)0-
M+B+ +:$"% Ai,$* 20),$2i7 ’+1i,.!+ A%’( 7$2+)$"#+7%70#$ )i7!&!!& ](9!0-
T3’(!0 [1], &2( 7)i7!+70-%@ #$"2 7$)+’-(!+B+ (,(2#)+!!+B+ B0=% #0 "$,% B)0-
7i#01i5. Pi7!&!!& #02+- 3+-!0 7$2+)$"#0#$ 9 ’,& +:$"% !(9#)+!!$* =i) [1,
48], 7 #02+3% 7$:0’2% )i7!+70B0 A%’( 3i- 7$)+’-(!$3 !(9#)+!!$3 B0=+3
#0 B)07i#01i@E. ;,& :+2)0M(!!& 3+’(,i #02+- A%’( 7$2+)$"#0!( )i7!&!!&
L+,3(!0-O::(!B(93()0-C+,2+70, &20 770-0@#."& 2)0M$3 ’,& +:$"% !(9#)+!-
!$* =i) [48].

S :+A%’+70!+E 3+’(,,E A%’( )+=)0*+70!0 (!()Bi& =7’&=2% 0#+3!$* &’() 4He,
8Be, 12C, 16O, 24Mg, 40Ca #0 56Fe. C$A)0!i "03( 1i i=+#+:$, 0’-( =Bi’!+ = "%-
?0"!$3$ %&7,(!!&3$, "03( = !$* 3+-%#. "2,0’0#$"& Ai,i 20),$2$ [1, 2] #0
2+)0 !(9#)+!!$* =i) [48]. O2)i3 #+B+, A%’( 3+-,$7$3 ’+",i’$#$ =3i!% (!()Bi5
=7’&=2% 0#+3!$* &’() 7 =0,(-!+"#i 7i’ B,$A$!$ 9+B+ =0!%)(!!& 7 "()(’+7$M(
2+3:02#!+5 =+)i. N%’( :+20=0!+, M+ 7 !(9#)+!!$* =+)&* i"!%@ B)0!$?!0 B,$A$-
!0, !0 &2i9 (!()Bi& =7’&=2% 0#+3!+B+ &’)0 "#0@ ’+’0#!+E, #+A#+ 7-( !( 3+-!0
B+7+)$#$ :)+ =7’&=0!$9 "#0! !%2,+!i7.

L02+- 7 )+=’i,i A%’( ’+",i’-(!+ B0,.3i7!( 7$:)+3i!E70!!&, M+ 7$!$20@
:)$ )+="i&!!i :)+#+!i7 #0 !(9#)+!i7 !0 0#+3!$* &’)0* 7 "()(’+7$Mi 2+3:0-
2#!$* =i). N%’( :+20=0!+, M+ 7 !(9#)+!!$* =+)&* 7:,$7 30#()i5 =+)i !0 0#+3!(
&’)+ i"#+#!+ =3i!E@ :()()i=$ B0,.3i7!+B+ 7$:)+3i!E70!!& :)$ 1$* :)+1("0*.
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3.1. 5/1+3; 1+A/$,/()&-: /2D-3*’/$&-:
/"/3/&/. ’) JJ ,/1-Ai.)Di* 13* /8-2%
)’/,&-: *1+$ ( 2+$+1/(-Li ./,8).’&-: 6i$

3.1.1. 0=:>7L :>?=C5=HGB;D =J@;7F8=CB;D =I=7=B=<
(!--)

U03i,.#+!i0! 3+’(,i ’(8+)3+70!$* +"1$,&#+)!$* +A+,+!+2, &2$9 +:$"%@ 0#+3-
!( &’)+, M+ "2,0’0@#."& = Z :)+#+!i7, A ↑ Z !(9#)+!i7, #0 3i"#$#. 7 "+Ai
2i!(#$?!% "2,0’+7%, 2%,+!i7".2% #0 &’()!% 7=0@3+’iE

Ĥ = T̂ ↑ T̂cm +
A∑

i>j=1

V̂ (ij) +
Z∑

i>j=1

e
2

|ri ↑ rj|
, (3.1)

’( T̂ J 2i!(#$?!0 (!()Bi& &’)0, @ "%3+E 2i!(#$?!+5 (!()Bi5 +2)(3$* !%2,+!i7 7
&’)i, T̂cm J 2i!(#$?!0 (!()Bi& 1(!#)% 30" 0#+3!+B+ &’)0, e J =0)&’ (,(2#)+!0,
ri J )0’i%"-7(2#+) 2+-!+B+ !%2,+!0.

4 ’0!i9 3+’(,i 7$2+)$"#+7%E#."& ’7+!%2,+!!i &’()!i "$,$, :+A%’+70!i !0
:()("#0!+7+?!$* +:()0#+)0* ":i!% #0 i=+":i!% [51]

V̂ (ij) = V33P̂
+
ϱ (ij)P̂

+
ς (ij) + V31P̂

+
ϱ (ij)P̂

↑

ς (ij)+

+ V13P̂
↑

ϱ (ij)P̂
+
ς (ij) + V11P̂

↑

ϱ (ij)P̂
↑

ς (ij). (3.2)

;i& +:()0#+)i7 :()("#0!+72$ !0 ":i!+7$9 #0 i=+":i!+7$9 "#0! ’7+* !%2,+!i7

P̂
±

ω |ij∝ =
1

2

(
1̂±

(
îj
))

|ij∝ =
1

2
|ij∝±

1

2
|ji∝, ε = ϱ, ⇀. (3.3)

L%# |ij∝ 7i’:+7i’0@ ":i!+7i9 ?$ i=+":i!+7i9 *7$,.+7i9 8%!21i5 ’7+* !%2,+!i7.
;,& =!0*+’-(!!& (!()Bi5 =7’&=2% J 30#)$?!+B+ (,(3(!#% B03i,.#+!i0!%, !(-

+A*i’!+ 30#$ *7$,.+7i 8%!21i5, &2i +:$"%E#. &’)+ &2 "$"#(3% +2)(3$* !%2,+-
!i7. ;,& A0B0#+?0"#$!2+7+5 *7$,.+7+5 8%!21i5 0#+3!+B+ &’)0 :)$)+’!+ 7$-
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2+)$"#0#$ ’(#()3i!0!# I,(9#()0, "2,0’(!$9 = *7$,.+7$* 8%!21i9 +2)(3$*
!%2,+!i7 [69]

$A =
1

⇒
A!

∑

p

(↑1)φp2↼1(1) . . .2↼A(A), (3.4)

’( ↽p J :+20=!$2 "#(:(!E :)$ )+=2)$##i 7$=!0?!$20, 0 +’!+?0"#$!2+7i *7$-
,.+7i 8%!21i5 2↼(i) 7$)0-0E#."& ?()(= ’+A%#+2 *7$,.+7+5 8%!21i5 +"1$,&#+)0
!0 ":i!-i=+":i!+7% 8%!21iE !%2,+!i7

2↼(i) =

exp


↑

1

2

(
x
2

a2
+

y
2

b2
+

z
2

c2

)

ς3/4
⇒
abc


2nx+ny+nznx!ny!nz!

Hnx

(
x

a

)
Hny

(
y

b

)
Hnz

(
z

c

)
|ϱ

(i)
⇀
(i)
∝, (3.5)

’( ri = (x, y, z) J )0’i%" 7(2#+) !%2,+!0 7 "$"#(3i 1(!#)% 30", a, b, c J +"1$,&-
#+)!i ’+7-$!$, :0)03(#)$ &2i !(+A*i’!i ’,& :+D%2% (!()Bi5 =7’&=2% 0#+3!+B+
&’)0, nx, ny, nz J :0)03(#)$ 2+!8iB%)01i9!+B+ "#0!% :+ +"&*, Hnx, Hny , Hnz

J :+,i!+3$ T)3i#0, ϱ(i) #0 ⇀
(i) :)$930E#. =!0?(!!& ±1/2.

;,& =!0*+’-(!!& :+7!+5 (!()Bi5 0#+3!+B+ &’)0 !(+A*i’!+ =!09#$ 30#)$?!$9
(,(3(!#

E(a, b, c) = ′$A|Ĥ|$A∝. (3.6)

L02$3 ?$!+3, =!09’(!+ 7$)0= ’,& :+7!+5 (!()Bi5 0#+3!+B+ &’)0 &2 8%!21iE
7i’ +"1$,&#+)!$* ’+7-$! a, b #0 c. >+D%2 (!()BiE =7’&=2% &’)0 :)+7+’$#."&
=0 ’+:+3+B+E 3i!i3i=01i5 +#)$30!+B+ 7$)0=% =0 1$3$ :0)03(#)03$

B = minE(a, b, c). (3.7)

4 =0B0,.!+3% 7$:0’2% 30#)$?!$9 (,(3(!# 3+-!0 :()(:$"0#$ ?()(= #02 =70!i
30#)$1i B%"#$!$.

S0:$D(3+ =0B0,.!i 7$)0=$ +2)(3+ ’,& 2+-!+B+ 7$’% (!()Bi5 [69]. ;,& 2i!(-
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#$?!+5 (!()Bi5 30@3+

T ↑ Tcm = ′$A|↑
⊋2
2m

A∑

i=1

⇔
2
i +

⊋2
2Am

( A∑

i=1

⇔

)2
|$A∝ =

=
A↑ 1

4

⊋2
m

( 1

a2
+

1

b2
+

1

c2

)
+
⊋2
m


Z/2∑

s=1

(
n
s
x

a2
+
n
s
y

b2
+
n
s
z

c2

)
+

N/2∑

s↑=1

(
m

s↑
x

a2
+
m

s↑
y

b2
+
m

s↑
z

c2

)]
,

(3.8)

’,& 2%,+!i7".2+5 (!()Bi5

Ucoul = ′$A|Ĥ|$A∝ = 2

∫
Fp(n; r1, r1)Fp(n; r2, r2)

e
2

|ri ↑ rj|
dr1dr2↑

↑

∫
F

2
p
(n; r1, r2)

e
2

|ri ↑ rj|
dr1dr2, (3.9)

’,& &’()!+5 (!()Bi5

UNu =
〈
$A

∣∣
A∑

i>j=1

V̂ (ij)
∣∣$A

〉
=

∫
Fp(n, r1 r1)Fp(n, r2 r2)

3V33 + V13

2
dr1 dr2 ↑

↑

∫
F

2
p
(n, r1 r2)

3V33 ↑ V13

2
dr1 dr2+

+

∫
Fp(n, r1 r1)Fn(m, r2 r2)

3V33 + 3V31 + V11 + V13

2
dr1 dr2 ↑

↑

∫
Fp(n, r1 r2)Fn(m, r1 r2)

3V33 ↑ 3V31 + V11 ↑ V13

2
dr1 dr2 +

+

∫
Fn(m, r1 r1)Fn(m, r2 r2)

3V33 + V13

2
dr1 dr2↑

↑

∫
F

2
n
(m, r1 r2)

3V33 ↑ V13

2
dr1 dr2. (3.10)

L%#, Fp, Fn J 30#)$1i :)+#+!!+5 #0 !(9#)+!!+5 B%"#$! 7i’:+7i’!+ ()+=)0*+7%-
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s 1 2 3 4 5 6 7 8 . . .

nx 0 1 0 0 2 0 0 1 . . .

ny 0 0 1 0 0 2 0 1 . . .

nz 0 0 0 1 0 0 2 0 . . .

L0A,. 3.1.: 6+!8iB%)01i9!$9 "#0! 0#+3!+B+ &’)0.

E#."& ?()(= )0’i0,.!% ?0"#$!% +’!+?0"#$!2+7$* 8%!21i9):

Fp(n; ri, rj) =

Z/2∑

s=1

ψ
↗

ns
xn

s
yn

s
z
(ri)ψns

xn
s
yn

s
z
(rj),

Fn(m; ri, rj) =

N/2∑

s=1

ψ
↗

ns
xn

s
yn

s
z
(ri)ψns

xn
s
yn

s
z
(rj), (3.11)

’( Z – ?$",+ :)+#+!i7 7 &’)i, N – ?$",+ !(9#)+!i7.
I#0! 2+!8iB%)01i5 =0’0@#."& 2+3Ai!01i@E :0)03(#)i7 nx, ny, nz, M+ :+20=0!+

7 #0A,$1i 3.1
;,& !%2,+!-!%2,+!!+B+ :+#(!1i0,% 7$2+)$"#+7%@#."& !0A,$-(!!& &2 % [70]

V31(r) = ↑3V33(r) = ↑Vte
↑r2/µ2

t ; V13(r) = ↑
1

3
V11(r) = ↑Vse

↑r2/µ2
s , (3.12)

’( =!0?(!!& :0)03(#)i7 Vt = 72, 5 H(C, µt = 1, 47 83, Vs = 39, 15 H(C,
µt = 1, 62 83.

3.1.2. +<7UT>BBF J>C>:=H;SG <=56G<8B;D NiC H
MG5i7L8=BiGB 5=:>7i :>?=C5=HGB;D =J@;7F8=CB;D
=I=7=B=<

;,& ’+",i’-(!!& 7:,$7% "()(’+7$M0 2+3:02#!+5 =+)i !0 0#+3!( &’)+ !(+A*i-
’!+ 72,E?$#$ 7=0@3+’iE 30#()i5 !0 !%2,+!$ 7 &’)i. ;,& 1.+B+ 7 B03i,.#+!i0!
3+’(,i ;OO 77(’(3+ ’+’0!+2, &2$9 +:$"%@ 1E 7=0@3+’iE

Ĥ = Ĥ0 +
A∑

i,j=1

V̂star(ri, rj), (3.13)
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’( Ĥ0 J B03i,.#+!i0! 3+’(,i ’(8+)3+70!$* +"1$,&#+)!$* +A+,+!+2 = )i7-
!&!!& (3.1), Vstar(ri, rj) J :+#(!1i0,, &2$9 +:$"%@ 7=0@3+’iE !072+,$D!.+B+
"()(’+7$M0 =+)i !0 0#+3!( &’)+, ri, rj J )0’i%" 7(2#+)$ !%2,+!i7 7 0#+3!+3%
&’)i.

C70-0@3+, M+ 7:,$7 30#()i5 !0 !%2,+!$ )i7!+3i)!$9 :+ 7"i9 :+7()*!i 0#+3-
!+B+ &’)0. L+’i 3+-!0 A%’( 7$2+)$"#0#$ 270=i2,0"$?!$9 :i’*i’ ’,& +:$"%
:+#(!1i0,%

F = ↑⇔U. (3.14)

C #02+3% 7$:0’2% "$,0, M+ ’i@ !0 0#+3!( &’)+, !( =0,(-$#. 7i’ !0:)&32%
’i5. L+’i, =Bi’!+ = ,+Bi2+E, 7$2,0’(!+E 7 [51], 3+-!0 =!09#$ :+#(!1i0,

U(r) = ↑F

∫
dr = ↑(F · r), (3.15)

’( "$,0 F = F(R) J "$,0, &2% 3+-!0 +#)$30#$ = )i7!&!!& "#0!% 30#()i5
2+3:02#!+5 =+)i, #0 =0,(-$#. ,$D( 7i’ 7i’"#0!i ’+ 1(!#)% =+)i. H0@3+

Vstar(R, ri, rj) = +|F(R) · (ri ↑ rj)|. (3.16)

S!02 Y+Z % )i7!&!!i (3.16) +A)0!$9 = 3i)2%70!., M+ =+7!iD!i9 :+#(!1i0,, ":)$-
?$!(!$9 "()(’+7$M(3 2+3:02#!+5 =+)i, :+7$!(! =070-0#$ !%2,+!03 7$)70#$-
"& = 0#+3!+B+ &’)0 :)$ =Ai,.D(!!i 7i’"#0!i 3i- !$3$ [51]. H0@3+ 30#)$?!$9
(,(3(!#, =0 &2$3 A%’( )+=)0*+7%70#$"& 72,0’ 30#()i5 =+)i 7 :+7!% (!()BiE
0#+3!+B+ &’)0

#Estar = ′$A|

A∑

i,j=1

Vstar(R, ri, rj)|$A∝. (3.17)

C$2+)$"#+7%E?$ 7,0"#$7i"#.

〈
$A

∣∣V̂ (ri, rj)
∣∣$A

〉
=

=
1

A(A↑ 1)

A∑

k=1

A∑

m=1,m ∞=k

〈
2k(i)2m(j)

∣∣V̂ (ri, rj)
∣∣2k(i)2m(j)

〉
↑

↑
〈
2k(i)2m(j)

∣∣V̂ (ri, rj)
∣∣2m(i)2k(j)

〉
. (3.18)
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L%# "%3%70!!& 7i’A%70@#."& =0 7"i30 "#0!03$ 2+!8iB%)01i5 &’)0 (=Bi’!+ = #0-
A,$1(E 3.1), M+ :)(’"#07,(!i i!’(2"03$ k #0 m, R7$,.+70 8%!21i& +’!+B+ &’)0
@ ’+A%#2+3 )0’i0,.!+5 *7$,.+7+5 8%!21i5 #0 ":i!-i=+":i!+7+5 = )i7!&!!& (3.5):
2↼s(s) = ⇁ns(rs)|ϱ

(s)
⇀
(s)
∝. L+’i )i7!&!!& :)$93( 7$B,&’

〈
$A

∣∣V̂ (ri, rj)
∣∣$A

〉
=

=
1

A(A↑ 1)

A∑

k=1

A∑

m=1,m ∞=k

〈
⇁k(ri)⇁m(rj)

∣∣V̂ (ri, rj)
∣∣⇁k(ri)⇁m(rj)

〉
↑

↑
〈
⇁k(ri)⇁m(rj)

∣∣V̂ (ri, rj)
∣∣⇁m(ri)⇁k(rj)

〉〈
ϱ
(k)(i)

∣∣ϱ(m)(j)
〉〈
ϱ
(m)(i)

∣∣ϱ(k)(j)
〉
·

·
〈
⇀
(k)(i)

∣∣⇀ (m)(j)
〉〈
⇀
(m)(i)

∣∣⇀ (k)(j)
〉
. (3.19)

I:i!-i=+":i!+7i 8%!21i5 +)#+B+!0,.!i

〈
ϱ
(k)(i)

∣∣ϱ(m)(j)
〉
= 1km,

〈
⇀
(k)(i)

∣∣⇀ (m)(j)
〉
= 1km. (3.20)

/0:)$2,0’, ’,& 4He 30#$3(3+

〈
$
(
4He

)∣∣ri ↑ rj
∣∣$

(
4He

)〉
=

∫
F

2
0 (r1, r2)(r1 ↑ r2)dr1dr2, (3.21)

’(

F0(ri, rj) = Fp(r1, r2)
(
4He

)
= Fn(r1, r2)

(
4He

)
=

=
exp

[
↑

1
2

(x2
1

a2 +
y21
b2 +

z21
c2

)]
exp

[
↑

1
2

(x2
2

a2 +
y22
b2 +

z22
c2

)]

ς3/2abc
, (3.22)

30#)$1i :)+#+!!+5 ?$ !(9#)+!!+5 B%"#$!$ ’,& 4He. L+’i ’,& "8()$?!+-
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"$3(#)$?!+B+ &’)0 4He 7!("+2 7 :+7!% (!()BiE 7i’ 7=0@3+’i5 = "()(’+7$M(3

#Estar

(
4He

)
= F(R) ·

A=4∑

i,j=1

〈
$
(
4He

)∣∣ri ↑ rj
∣∣$

(
4He

)〉
=

= 12 · F(R)

∫
F

2
0 (r1, r2)(r1 ↑ r2)dr1dr2 =

∣∣∣∣a = b = c

∣∣∣∣ = 12 · F(R)
1

ς3a6
·

·

∫
exp

[
↑
x
2
1 + x

2
2 + y

2
1 + y

2
2 + z

2
1 + z

2
2

a2

]
r12 dr1dr2 =

12 · 23/2a

ς1/2
· F (R). (3.23)

;,& =!0*+’-(!!& "$,$ F = F(R), = &2$3 "()(’+7$M( ’i@ !0 0#+3!( &’)+,
!09,(BD$3 A%’( 7$2+)$"#0#$ 2,0"$?!$9 7$)0=

F (R) = P (R)S, (3.24)

"$,$ #$"2%, M+ ’i@ !0 :+7()*!E 0#+3!+B+ &’)0 :+ !+)30,i ’+ !(5. I03 #$"2
A%’( 7$=!0?(!$9 = )i7!&!!& "#0!%, :i’iA)0!+B+ ’,& 2+-!+B+ #$:% 2+3:02#!+5
=+)i.

4 7$:0’2% "8()$?!+-"$3(#)$?!$* 0#+3!$* &’() (&2 :)$2,0’, &’)+ 4He)
:,+M0 :+7()*!i &’)0 7$=!0?0@#."& &2

S = 4ςr2, r = aA
1/3

, (3.25)

’( a J +"1$,&#+)!0 ’+7-$!0. R+? i ’,& Ai,.D+"#i 0#+3!$* &’() (!()Bi&
=7’&=2% 7 3+’(,i ;OO ’+"&B0@#."& =0 %3+7$ 02"i0,.!+5 ’(8+)301i5, 2+,$ a =

b ∞= c, ’,& ":)+M(!!& 3+’(,i #0 )+=)0*%!2i7 7"i 0#+3!i &’)0 770-0#$3%#."&
"8()$?!+-"$3(#)$?!$3$.

/0"#%:!$3 2)+2+3 A%’( 7$Ai) )i7!&!!& "#0!%, &2( +:$"%@ 30#()iE 2+3:0-
2#!+5 =+)i.
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3.2. !8-2 ./,8).’&-: 6i$ 13* ,/1-Ai.)DiJ
,/1+3i 1+A/$,/()&-: /2D-3*’/$&-:
/"/3/&/.

;+",i’-(!!& 7,0"#$7+"#(9 0#+3!$* &’() 7 2+3:02#!$* =+)&* :+#)(A%@ :)07-
’$7+B+ +:$"% #02$* 0"#)+!+3i?!$* +A’@2#i7. ;+ 2+3:02#!$* =i) 7i’!+"&#. =+)i
= B%"#$!03$ )(?+7$!$, &2i :()(7$M%E#. B%"#$!% 30#()i5 =7$?09!$* =i) [48].
S0=7$?09 #02i +A’@2#$ %#7+)EE#."& 7 2i!1i -$##@7+B+ 1$2,% =i) B+,+7!+5 :+-
",i’+7!+"#i 0A+ 7!0",i’+2 7=0@3+’i5 7 :+’7i9!$* "$"#(30*.

;+ !09Ai,.D :+D$)(!$* 2+3:02#!$* +A’@2#i7 7i’!+"&#. Ai,i 20),$2$ #0 !(9-
#)+!!i =+)i. L02+- ’+ 1.+B+ 2,0"% +A’@2#i7 7i’!+"&#. ?+)!i ’i)$ #0 Ai,.D (2=+-
#$?!i =+)i, !0:)$2,0’, 270)2+7i. ;+",i’-(!!& =+"()(’-(!( !0 Ai,$* 20),$20*
#0 !(9#)+!!$* =+)&*, 0’-( "03( 7 !$*, =Bi’!+ = "%?0"!$3$ %&7,(!!&3$, 3+-%#.
i"!%70#$ 0#+3!i &’)0, M+ :()(A%70E#. 7 (2"#)(30,.!+ Mi,.!+3% "()(’+7$Mi.

P+=B,&!(3+ =0B0,.!+:)$9!&#% A%’+7% !(9#)+!!$* =i). C"()(’$!i #02+B+
+A’@2#% 3+-!0 7$’i,$#$ ’7i &2i"!+ )i=!i +A,0"#i: =+7!iD!E +A+,+!2% #0 7!%-
#)iD!@ &’)+ ("*(30 Ui!=A%)B0 [48]). /0 ".+B+’!i i"!%@ A0B0#+ Bi:+#(= :)+ "#0!
)(?+7$!$ 7 &’)i !(9#)+!!+5 =+)i, :()(’A0?0E#. !(9#)+!!% )(?+7$!%, )i7!&!!&
"#0!% &2+5 7"( M( !( :i’#7()’-(!(.

OA+,+!2% !(9#)+!!+5 =+)i =0=7$?09 ’i,&#. !0 #7()’% 2+)%, &20 30@ 2)$"#0-
,i?!% A%’+7% #0 "2,0’0@#."& = 0#+3!$* &’(), #0 7!%#)iD!i9 D0), M+ &7,&@
"+A+E )i’$!%, &20 &7,&@ "+A+E 2%,+!i7".2$9 2)$"#0,.

L7()’% 2+)% ’i,&#. !0 7!%#)iD!E i =+7!iD!E, ’( % 7!%#)iD!i9 +A,0"#i 0#+3-
!i &’)0 =!0*+’&#."& 7 3+)i 7i,.!$* !(9#)+!i7 #0 (,(2#)+!i7, #+’i &2 7 =+7!i-
D!i9 7i,.!$* !(9#)+!i7 !(30@.

L02$3 ?$!+3, 7 !(9#)+!!i9 =+)i i"!%E#. +A,0"#i, ’( 3+-%#. i"!%70#$ +2)(3i
0#+3!i &’)0, &2i :()(A%70E#. 7 (2"#)(30,.!$* %3+70*.

3.2.1. %iHBFBBF J8GB9

/0 7i’3i!% 7i’ =i) B+,+7!+5 :+",i’+7!+"#i, #(3:()0#%)$ &’() &2$* "&B0E#.
"+#!i 3i,.&)’i7 #0 #)$,.9+!i7 B)0’%"i7 2(,.7i!0, !(9#)+!!i =+)i #0 Ai,i 20),$-
2$ 30E#. 7i’!+"!+ !(7(,$2% #(3:()0#%)% 7 ’("&#2$ #$"&? B)0’%"i7 2(,.7i!0.
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O’!( = !09:+:%,&)!iD$* !0A,$-(!. +:$"%@ #02i +A’@2#$ &2 =+)i !%,.+7+5 #(3-
:()0#%)$. S0 1$* %3+7 ,$D( #$"2 30#()i5 =070-0@ B)07i#01i9!+3% 2+,0:"%.
L02% 30#()iE ’+1i,.!+ +:$"%70#$ &2 7$)+’-(!$9 8()3i+!!$9 B0=, &2$9 3+-
-!0 +:$"0#$ :+,i#)+:!$3 )i7!&!!&3 "#0!% &2 % [45]

P = Kφ
ϑ
, (3.26)

’( P J #$"2 7$)+’-(!+B+ (,(2#)+!!+B+ 0A+ !(9#)+!!+B+ B0=%, K J 2+!"#0!#0,
&20 "#0!( =)+=%3i,+E :i",& 7$A+)% )i7!&!!& ’,& +:$"% 2+3:02#!+5 =+)i, φ J
B%"#$!0 )(?+7$!$, γ J :+20=!$2 :+,i#)+:$.

;,& Ai,$* 20),$2i7 ’+)(?!+ )+=B,&’0#$ 7$)+’-(!$9 (,(2#)+!!$9 B0=, 0 ’,&
!(9#)+!!+5 =+)i J 7$)+’-(!$9 !(9#)+!!$9 B0=. SBi’!+ = )i7!&!!&3$ 7 [45],
30@3+ 4 )i7!&!!& "#0!% ’,& 7$)+’-(!+B+ B0=% (,(2#)+!i7 #0 !(9#)+!i7 7 =0-
,(-!+"#i 7i’ #+B+, ?$ 7)0*+7%E#."& )(,&#$7i"#".2i (8(2#$, ?$ !i:

• /()(,&#$7i"#".2i (,(2#)+!$ φcr < 106 B/"33:

γ =
5

3
, K =

32/3ς4/3

5

⊋2

mem
5/3
u µ

5/3
e

, (3.27)

• 4,.#)0)(,&#$7i"#".2i (,(2#)+!$ φcr > 106 B/"33:

γ =
4

3
, K =

31/3ς2/3

4

⊋c
m

4/3
u µ

4/3
e

, (3.28)

• /()(,&#$7i"#".2i !(9#)+!$ φcr < 6 · 1015 B/"33:

γ =
5

3
, K =

32/3ς4/3

5

⊋2

m
8/3
n

, (3.29)

• 4,.#)0)(,&#$7i"#".2i !(9#)+!$ φcr > 5 · 1015 B/"33:

γ =
4

3
, K =

31/3ς2/3

4

⊋c
m

4/3
n

. (3.30)
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’(

me J 30"0 (,(2#)+!0,

mn J 30"0 !(9#)+!0,

mu J 30"0 0#+3!+B+ &’)0,

mB ↔
1

n

∑

i

nimi J "()(’!& 30"0 A0)i+!0 7 &’)i,

µe =
mB

muYe
J "()(’!& 3+,(2%,&)!0 30"0 !0 +’$! (,(2#)+!,

Ye J "()(’!@ ?$",+ (,(2#)+!i7 !0 +’$! A0)i+!. (3.31)

3.2.2. %iHBFBBF .>PBG-$5:>BG

P+=3i) A%’.-&2+5 =+)i 7$=!0?0@#."& )i7!+70B+E 3i- "$,+E B)07i#01i5, M+ !0-
30B0@#."& "#$"!%#$ 30#()iE ’+ 1(!#)0, #0 #$"2+3 )(?+7$!$ #0/0A+ "7i#,0, M+
:)+#$’i@ 1.+3% "#$"!(!!E. C 2+3:02#!$* =+)&* !%,.+7+5 #(3:()0#%)$ 7i’"%#!i
#()3+&’()!i )(021i5, i #$"2 "#7+)E@#."& 7$)+’-(!$3 B0=+3. X2M+ )+=B,&!%-
#i =+)i !( +A()#0E#."& #0 !( 30E#. 30B!i#!+B+ :+,&, #+ )i7!&!!& )i7!+70B$
30#$3( 7$B,&’

dP

dr
+ φ

Gm

r2
= 0, (3.32)

’( P J #$"2 )(?+7$!$, φ J B%"#$!0, G J B)07i#01i9!0 "#0,0, m J 30"0 )(-
?+7$!$. U%"#$!% 3+-!0 :+7’&=0#$ i= 30"+E )(?+7$!$ =0 ’+:+3+B+E )i7!&!!&
!(:()()7!+"#i

dm

dr
= 4ςφr2. (3.33)

C=&7D$ :+*i’!% 7i’ )i7!&!!& (3.32) #0 7$2+)$"#07D$ (3.33) 30@3+

d

dr


r
2

φ

dP

dr


= ↑4ςGφr

2
. (3.34)

C$2+)$"#0@3+ :+,i#)+:!( )i7!&!!& "#0!% (3.26) #0 +#)$30@3+

Kγ
d

dr


r
2
φ
ϑ↑2dφ

dr


= ↑4ςGφr

2
. (3.35)
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;+1i,.!+ 77("#$ A(=)+=3i)!i =3i!!i:

φ(r) = φcrϖ
n
, r = R0◁, γ = 1 +

1

n
, (3.36)

’( φcr J B%"#$!0 30#()i5 7 1(!#)i =+)i, n J i!’(2" :+,i#)+:$, R0 J :0)03(#).
Pi7!&!!& :)$93( 7$B,&’

φ
1/n↑1

4ςGR
2
0

K(n+ 1)
d

d◁


◁
2dϖ

d◁


= ↑◁

2
ϖ
n
, (3.37)

&2M+ +A)0#$ R0 = (n+1)K
4↽G φ

1/n↑1
cr , #+ )i7!&!!& =7(’(#."& ’+ )i7!&!!& ](9!0-

T3’(!0 = 2)09+7$3$ %3+703$ [1]

d

d◁

(
◁
2dϖ

d◁

)
= ↑◁

2
ϖ
n
, ϖ(0) = 1,

dϖ

d◁

∣∣∣∣
⇀=0

= 0. (3.38)

P0’i%" =+)i 7$=!0?0@#."& = %3+7$ ϖ(◁1) = 0, 0 7$)0= ’,& =!0*+’-(!!& 30"$
30@ 7$B,&’

M = 4ς
(n+ 1)K

4ςG

3/2
φ

3→n
2n

cr

∫ ⇀1

0
ϖ
n
◁
2
d◁. (3.39)

6,0"$8i201i& 2+3:02#!$* =i), +:$"0!$* =0 ’+:+3+B+E :+,i#)+:!+B+ )i7!&-
!!& "#0!% [1]

• φcr = [105; 1, 4 · 109] B/"33 J Ai,i 20),$2$,

• φcr = [1014; 1016] B/"33 J !(9#)+!!i =+)i.

/0 )$"%!2% 3.1 :)(’"#07,(!$9 )+=7’&=+2 "$"#(3$ )i7!&!. (3.38). P$"%!+2 3.2
:+20=%@ )+=3i) =+)i, )+=)0*+70!$9 !0 +"!+7i )i7!&!!& ](9!0-T3’(!0 (3.38), 7
=0,(-!+"#i 7i’ B%"#$!$ 30#()i5 7 55 1(!#)i.

3.2.3. %iHBFBBF &=75>BG--66>BM>P5>CG-+=7<=HG

P0’i%" !(9#)+!!$* =i) :+)i7!&!$9 = B)07i#01i9!$3 )0’i%"+3 +A’@2#i7 :+’i-
A!+5 30"$, #+- ’+)(?!+ A%’( 7$A)0#$ )i7!&!!& "#0!%, &2( 7)0*+7%@ )(,&#$-
7i"#".2i (8(2#$. O’!$3 = #02$* )i7!&!. @ )i7!&!!& L+,3(!0-O::(!B(93()0-
C+,2+70 [1], &2( 7$2+)$"#+7%@ 3(#)$2% G70)1D$,.’0. L02 "03+ &2 i 7 :+:(-
)(’!.+3% :%!2#i, #02$9 +:$" !(*#%@ +A()#0!!&3 !(9#)+!!+5 =+)i #0 !0&7!i"#E
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P$". 3.1.: S0,(-!i"#. B%"#$!$ 30#()i5 =+)i 7i’ 7i’"#0!i ’+ 1(!#)0. P(=%,.#0-
#$ +#)$30!i ’,& )i7!&!!& ](9!0-T3’(!0 (3.38), 7)0*+7%E?$ )i7!&!!& !(:(-
)()7!+"#i (3.33) )0=+3 = :+,i#)+:!$3 )i7!&!!&3 (3.26) (n = 3) 7$)+’-(!+B+
(,(2#)+!!+B+ B0=% (3.27).

P$". 3.2.: S0,(-!i"#. )0’i%"0 =+)i 7i’ B%"#$!$ 30#()i5 φcr 7 55 1(!#)i. P+=)0-
*%!2$ :)+7(’(!i ’,& )i7!&!!& ](9!0-T3’(!0 (3.38), 7)0*+7%E?$ )i7!&!!& !(-
:()()7!+"#i (3.33) )0=+3 = :+,i#)+:!$3 )i7!&!!&3 (3.26) (n = 3) 7$)+’-(!+B+
(,(2#)+!!+B+ B0=% (3.27)
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30B!i#!$* :+,i7. Pi7!&!!& L+,3(!0-O::(!B(93()0-C+,2+70 30@ 7$B,&’

dP

dr
= ↑

G(φc2 + P )(mc
2 + 4ςPr

3)

r2c4 ↑ 2Gmrc2
, (3.40)

’( c J D7$’2i"#. "7i#,0. C$2+)$"#+7%E?$ :+,i#)+:!( )i7!&!!& "#0!% (3.26) =
γ = 1

n + 1 30@3+

dP

dr
=

d

dr

(
Kφ

ϑ
)
=

dφ

dr

d(Kφ
ϑ)

dr
= Kγφ

ϑ↑1dφ

dr
, (3.41)

0 "03( )i7!&!!& (3.40) :)$93( 7$B,&’

Kγφ
ϑ↑1dφ

dr
+Gφ

(c2 +Kφ
ϑ↑1)(mc

2 + 4ςKφ
ϑ
r
3)

r2c4 ↑ 2Gmrc2
= 0. (3.42)

C7(’(3+ 7 )i7!&!!& A(=)+=3i)!i =3i!!i (3.36)

K(n+ 1)φϑ
cr
ϖ
ndϖ

d◁
+Gφcrϖ

n (c
2 +Kφ

ϑ↑1
cr

ϖ)(mc
2 + 4ςKφ

ϑ
cr
ϖ
n+1

R
3
0◁

3)

R0c
4◁2 ↑ 2Gmc2◁

= 0. (3.43)

>()(B)%:%@3+ 3!+-!$2$ 9 )0=+3 = )i7!&!!&3 !(:()()7!+"#i (3.33) 30@3+ "$-
"#(3% ’7+* )i7!&!.

K(n+ 1)φϑ
cr
ϖ
ndϖ

d◁
+

Gφcrϖ
n

R0c
4◁2

·
c
2 +Kφ

ϑ↑1
cr

ϖ

1↑ 2Gm/(R0c
2◁)

·
(
mc

2 + 4ςKφ
ϑ
cr
ϖ
n+1

R
3
0◁

3
)
= 0,

dm

d◁
= 4ςφcrϖ

n
r
2
R0. (3.44)

I$"#(30 )i7!&!. 7 #02+3% 7$B,&’i !( =)%?!0 ’,& ?$"(,.!$* )+=)0*%!2i7,
#+- 77(’(3+ 2+(8i1i@!#$

a0 =
1

K(n+ 1)

Gφ
1↑ϑ
cr

R0
, a1 = Kφ

ϑ↑1
cr

c
↑2
, a2 = 4ςKφ

ϑ
cr
R

3
0c

↑2
,

r0 = 4ςφcrR
3
0, c0 =

R0c
2

2g
, (3.45)
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9 +#)$30@3+

dϖ

d◁
◁(m/c0 ↑ ◁) = a0(1 + a1ϖ)(m+ a2ϖ

n+1
◁
3),

dm

d◁
= r0ϖ

n
◁
2
. (3.46)

;,& +#)$30!+5 "$"#(3$ )i7!&!. 30@3+ 2)09+7i %3+7$ ϖ(0) = 1, d⇁
d⇀ |⇀=0 = 0.

P+=3i) =+)i 7$=!0?0@#."& )i7!i"#. ϖ(◁1) = 0.
/0 )$"%!2% 3.3 :)(’"#07,(!$9 )(=%,.#0# )+=)0*%!2i7 B%"#$!$ =+)i 7i’ 7i’-

"#0!i ’+ 55 1(!#)% !0 +"!+7i )i7!&!!& L+,3(!0-O::(!B(93()0-C+,2+70.

P$". 3.3.: S0,(-!i"#. B%"#$!$ 30#()i5 =+)i 7i’ 7i’"#0!i ’+ 1(!#)0. P(=%,.#0-
#$ +#)$30!i ’,& )i7!&!!& L+,3(!0-O::(!B(93()0-C+,2+70 (3.40), 7)0*+7%E?$
)i7!&!!& !(:()()7!+"#i (3.33) )0=+3 = )i7!&!!&3 V0!’)0"(20)0.

3.2.4. %>N97L8G8; 5=:>7UHGBBF NiC=< 8G H;IiC 5=:>7i

/0 )$"%!2% 3.4 :)(’"#07,(!+ :+)i7!&!!& *0)02#()$"#$2 =i)+2 7 =0,(-!+"#i 7i’
B%"#$!$ 30#()i5 φcr 7 5* 1(!#)i, ’,& φcr = 1014 B/"33, φcr = 1015 B/"33 #0 φcr =

1016 B/"33. X2 7$’!+ = )$"%!20, )+=7’&=2$, +#)$30!i !0 +"!+7i )i7!&!. ](9!0-
T3’(!0 (3.38) #0 L+,3(!0-O::(!B(93()0-C+,2+70 (3.40) "%##@7+ 7i’)i=!&E#."&
’,& 3(!D$* B%"#$!, +"+A,$7+ 0"$3:#+#$?!+E :+7(’i!2+E B%"#$!$ % =+7!iD!i*
D0)0* =+)i. H0@3+ !0"#%:!i *0)02#()$"#$2$ =i)+2:

• Ai,$9 20),$2 = φcr = 105 B/"33 30@ )0’i%" R = 16450 23 #0 30"% M =

0, 175 "+!&?!$*;
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P$". 3.4.: >+)i7!&!!& :+7(’i!2$ B%"#$! 2+3:02#!$* =i), :+A%’+70!$* !0 +"!+-
7i )i7!&!!& ](9!0-T3’(!0 (3.38) = :+,i#)+:!$3 )i7!&!!&3 "#0!% (3.26), #0
!0 +"!+7i )i7!&!!& L+,3(!0-O::(!B(93()0-C+,2+70 (3.40) )0=+3 = )i7!&!!&3
V0!’)0"(20)0.

• Ai,$9 20),$2 = φcr = 109 B/"33 30@ )0’i%" R = 3150 23 #0 30"% M = 1, 5

"+!&?!$*;

• !(9#)+!!0 =+)& = φcr = 1014 B/"33 30@ )0’i%" R = 21 23 #0 30"% M = 0, 36

"+!&?!$*;

• !(9#)+!!0 =+)& = φcr = 1016 B/"33 30@ )0’i%" R = 33 23 #0 30"% M = 1, 5

"+!&?!$*.

H0E?$ )(=%,.#0#$ )+=)0*%!2i7 ’,& ϖ(◁) (:)(’"#07,(!i !0 )$"%!20* 3.1 #0 3.3
’,& )i7!&!!& ](9!0-T3’(!0 #0 L+,3(!0-O::(!B(93()0-C+,2+70 7i’:+7i’!+) i
7$2+)$"#+7%E?$ :+,i#)+:!( )i7!&!!& "#0!% (3.26), +#)$30!+ =0,(-!i"#. #$-
"2% 7"()(’$!i =+)i 7i’ 7i’"#0!i ’+ 1(!#)0. WE =0,(-!i"#. ’,& )i=!$* =i) :)(’-
"#07,(!+ !0 )$"%!2% 3.5 (0). F!0,+Bi?!i )+=)0*%!2$ :)+7(’(!i ’,& )i7!&!!&
L+,3(!0-O::(!B(93()0-C+,2+70 (3.40).

H0E?$ =0,(-!i"#. P = P (R) #0 7$2+)$"#+7%E?$ )i7!&!!& (3.24) :+)0*+70-
!+ 30#)$?!$9 (,(3(!# (3.17). P(=%,.#0#$ )+=)0*%!2i7 :)(’"#07,(!i !0 )$"%!-
2% 3.5 (A).

SBi’!+ = )$"%!2+3 3.5 (A) 7!("+2 7 :+7!% (!()BiE 0#+3!+B+ &’)0 7i’ "()(-
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P$". 3.5.: S0,(-!i"#. #$"2% 7i’ 7i’"#0!i ’+ 1(!#)0 =+)i, )+=)0*+70!+ ’,& )i7-
!&!!& ](9!0-T3’(!0 (3.38) (0), #0 7!("+2 ’+ :+7!+5 (!()Bi5 7i’ "()(’+7$M0
=+)i =Bi’!+ = )i7!&!!&3 (3.17) (A), :+)0*+70!i ’,& )i=!$* B%"#$! 30#()i5 φcr 7
1(!#)i =+)i.

’+7$M0 Ai,+B+ 20),$20 !( :()(7$M%@ 10↑4 H(C, =0 %3+7$ M+ 0#+3!( &’)+
=!0*+’$#."& 7 1(!#)i =+)i. L02$3 ?$!+3, 3+-!0 =+"()(’$#$"& !0 !(9#)+!!$*
=+)&*, M+ +:$"%E#."& )i7!&!!&3 L+,3(!0-O::(!B(93()0-C+,2+70 (3.40).

3.2.5. 1=H>:iB<G G8=5B;D F:>C H J>C>:=H;Si <=56G<8B;D
NiC

S )$"%!20 3.5 3+-!0 =)+A$#$ 7$"!+7+2, M+ 7:,$7 30#()i5 Ai,+B+ 20),$20 !0
(!()BiE =7’&=2% 0#+3!+B+ &’)0 !(=!0?!$9. >+’0,.D$9 0!0,i= A%’( :)+7(’(-
!$9 ’,& !(9#)+!!$* =i), M+ +:$"%E#."& )i7!&!!&3 L+,3(!0-O::(!B(93()0-
C+,2+70 (3.40) = B%"#$!03$ 7 1(!#)i 7i’ φcr = 1014 B/"33 ’+ φcr = 1016 B/"33.
S #+B+ - )$"%!20 7$’!+, M+ 7!("+2 #Estar 7 :+7!% (!()BiE &’)0 3+-( :()(-
7$M%70#$ :+ 3+’%,E (!()BiE =7’&=2% 0#+3!$* &’(), #+A#+, 3+-!0 +?i2%70#$
’+’0#!% (!()BiE =7’&=2%. ;,& 0#+3!+B+ &’)0 :+3iM(!+B+ 7 #02( "()(’+7$M(
1( A%’( +=!0?0#$, M+ !%2,+!$ Ai,.D( !( 3+-%#. %#7+)E70#$ "2,0’(!% "$"#(-
3%. V$"(,.!+ )+=7’&=%E?$ )i7!&!!& ’,& (!()Bi5 =7’&=2% 0#+3!+B+ &’)0 (3.7)
7i’!+"!+ 7i’"#0!i ’+ 1(!#)% =+)i, A%’( =!09’(!+ 7i’"#0!., ’( B = 0 H(C.

/0 )$"%!2% 3.6 :)(’"#07,(!+ :+7!% (!()BiE 0#+3!+B+ &’)0 4He 7 =0,(-!+"#i
7i’ +"1$,&#+)!+B+ :0)03(#)0 a (7$:0’+2 "8()$?!+5 "$3(#)i5), :+3iM(!+B+ 7
!(9#)+!!% =+)E = B%"#$!+E 7 1(!#)i φcr = 1014 B/"33 !0 7i’"#0!i ◁ = 2, 42. Ci’-
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"#0!. =!09’(!0 = %3+7$, 2+,$ (!()Bi& =7’&=2% &’)0 4He ’+)i7!E@ !%,E =07’&2$
7=0@3+’i5 = "()(’+7$M(3 =+)i.

P$". 3.6.: C2,0’ )i=!$* #$:i7 (!()Bi5 7 (!()BiE =7’&=2% 4He )+=)0*+70!i9 !0
B,$A$!i ◁ = 2, 42 7"()(’$!i !(9#)+!!+5 =+)i (0), #0 :+)i7!&!!& = )+=)0*%!203$
A(= 7:,$7% "()(’+7$M0 =+)i (A).

/0 )$"%!2% 3.7 :)(’"#07,(!i )(=%,.#0#$ )+=)0*%!2i7 (!()Bi5 =7’&=2% 0#+3!$*
&’() 8Be, 12C, 16O, 24Mg, 40Ca, 56Fe !0 #i9 -( "03i9 B,$A$!i.

X2 7$’!+ = :+7(’i!2$ :+7!+5 (!()Bi5 0#+3!$* &’(), ?$3 7+!+ 70-?(, #$3 Ai,.-
D$9 72,0’ 7 :+7!% (!()BiE 7i’ "()(’+7$M0 !(9#)+!!+5 =+)i !0 #i9 -( "03i9 B,$-
A$!i. I!D$3$ ",+703$, ,(B2i 0#+3!i &’)0 3+-%#. i"!%70#$ B,$AD( 7"()(’$!i
2+)$ !(9#)+!!+5 =+)i, #+’i &2 70-?i 7-( A%’%#. 30#$ ’+’0#!% (!()BiE =7’&=2%
(#+A#+ !%2,+!$ 70-2$* 0#+3!$* &’() !( 3+-%#. %#7+)E70#$ =7’&=0!$9 "#0!
!0 #02i9 B,$A$!i).

/0 )$"%!2% 3.8 =+A)0-(!+ 7i’"#0!., !0 &2i9 (!()Bi& =7’&=2% 4He "#0@ )i7!+E
!%,E, 7 =0,(-!+"#i 7i’ B%"#$!$ 30#()i5 φcr 7 1(!#)i !(9#)+!!+5 =+)i.

3.3. 5/1+3; 0)3;,i(&/0/ (-8$/,i&?()&&* 8$-
$/62i*&&i &%.3/&i( &) )’/,&-: *1$): (
./,8).’&-: 6/$*:

C 1.+3% :i’)+=’i,i )+=B,&!(3+ :)+1(" )+="i&!!& !%2,+!0 !0 0#+3!+3% &’)i
#0 B0,.3i7!( 7$:)+3i!E70!!&, M+ 9+B+ "%:)+7+’-%@. L02+-, 7$2+)$"#+7%E?$
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P$". 3.7.: T!()Bi& =7’&=2% 0#+3!$* &’() 8Be, 12C, 16O, 24Mg, 40Ca, 56Fe 7"()(-
’$!i =+)i #0 5* :+)i7!&!!& = )+=)0*+70!$3$ A(= 7:,$7% "()(’+7$M0.
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P$". 3.8.: Ci’"#0!. 7i’ 1(!#)% =+)i, !0 &2i9 (!()Bi& =7’&=2% 4He ’+)i7!E@ !%-
,E. X’)+ 4He 3+-( i"!%70#$ 7 !(9#)+!!$* =+)&*, &2M+ 7+!+ =!0*+’$#."& :i’
,i!i@E !0 1.+3% )$"%!2%.

=’+A%#2$ :+:()(’!.+B+ :i’)+=’i,% 3+-!0 :)+0!0,i=%70#$ 7:,$7 30#()i5 !(9-
#)+!!+5 =+)i !0 ":(2#) B0,.3i7!+B+ 7$:)+3i!E70!!& :)$ #02+3% :)+1("i.

U03i,.#+!i0! )+="i&!!& :)+#+!0 !0 0#+3!+3% &’)i, 7$2+)$"#+7%E?$ 8+)30-
,i=3 ;OO

Ĥ0 = Tfull +
A+1∑

i,j=1

VDOS(|ri ↑ rj|) +
A+1∑

i,j=1

Vstar(|ri ↑ rj|). (3.47)

C7(’(3+ +:()0#+) !0)+’-(!!& B0,.3i7!+B+ 8+#+!0 Ĥϑ

Ĥfull = Ĥ0 + Ĥϑ. (3.48)

>()()i= B0,.3i7!+B+ 7$:)+3i!E70!!& A%’( )+=)0*+7%70#$"& &2 7 [71] = 7i’:+-
7i’!$3 30#)$?!$3 (,(3(!#+3

′$f | Ĥϑ|$i∝0 =


2ς c

2

⊋wph

{
MP +M

(E)
p +M

(M)
p +M!E +M!M +Mk

}
, (3.49)
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’( 30#)$?!i (,(3(!#$

M
(E, dip,0)
p = i⊋2 (2ς)3 e

µc
Z

(dip, 0)

e/

∑

ω=1,2

e(ω) · I1,

M
(M, dip,0)
p = ↑ ⊋ (2ς)3 1

µ
M(dip, 0)

e/

∑

ω=1,2


I1 ⇐ e(ω)


,

M!E = 0,

M!M = i ⊋ (2ς)3 f1 · |kph| · zA · I2,

Mk =
fk

f1
·M!M , (3.50)

0 2+(8i1i@!#$
f1 =

A↑ 1

2A
µ

(an)

pn
,
fk

f1
= ↑

⊋A
A↑ 1

(3.51)

#0 i!#(B)0,$

I1 =


%p - nucl, f(r)

∣∣∣∣ e
↑ikphr d

dr

∣∣∣∣ %p - nucl, i(r)


,

I2 =

%p - nucl, f(r)

∣∣∣ ei cp kphr
∣∣∣%p - nucl, i(r)


. (3.52)

L%# r J )0’i%"-7(2#+) 7i’ 1(!#)0 30" 0#+3!+B+ &’)0 ’+ :)+#+!0, M+ !0 !.+3%
)+="iE@#."&, µ = mp mA/(mp +mA) J =7(’(!0 30"0, A J 2i,.2i"#. !%2,+!i7 7
&’)i, cp = mp/(mp +mA), e(ω) J A0=$"!i 7(2#+)$ :+,&)$=01i5 7$:)+3i!(!+B+
B0,.3i7!+B+ 8+#+!0, kph J *7$,.+7$9 7(2#+) 8+#+!0, wph = kphc =

∣∣kph

∣∣c J
?0"#+#0 8+#+!0, Eph = ⊋wph J 9+B+ (!()Bi&. C(2#+)$ e(ω) :():(!’$2%,&)!i ’+
kph. H0@3+ ’7i !(=0,(-!i :+,&)$=01i5 e(1) #0 e(2) ’,& 8+#+!0 = i3:%,."+3 kph

(ε = 1, 2). µ(an)

pn = µ
(an)

p + µ
(an)

n , µ(an)

p #0 µ
(an)

n J 0!+30,.!i 30B!i#!i 3+3(!#$
:)+#+!0 #0 !(9#)+!0.

H0#)$?!i (,(3(!#$ M
(E, dip,0)
p #0 M

(M, dip,0)
p +:$"%E#. 2+B()(!#!( B0,.3i7-

!( 7$:)+3i!E70!!& (,(2#)$?!+B+ #0 30B!i#!+B+ #$:i7, 0 (,(3(!#$ M!E #0
M!M J !(2+B()(!#!( B0,.3i7!( 7$:)+3i!E70!!& 1$* #$:i7 7i’:+7i’!+. MP

:+7’&=0!$9 = )%*+3 %"i@5 &’()!+5 "$"#(3$ &2 1i,+B+, &2$3 7 1.+3% 7$:0’2%
A%’( =!(*#%70!+. C ’$:+,.!+3% !0A,$-(!!i (8(2#$7!$9 =0)&’ #0 30B!i#!$9
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3+3(!# "$"#(3$ (#+A#+ :)$ kphr ≃ 0) !0A%70@ 7$B,&’%

Z
(dip, 0)

e/
=

mA zp ↑mp zA

mp +mA
, M(dip,0)

e/
= ↑

mp

mp +mA
MA, (3.53)

mp #0 zp J 30"0 #0 =0)&’ :)+#+!%, mA #0 zA J 30"0 #0 =0)&’ 0#+3!+B+ &’)0.
C7(’(3+ 30B!i#!$9 3+3(!# &’)0 MA &2

MA =
A∑

j=1


ψnucl, f(ϑA)

∣∣∣µ(an)

j mAj ϖ
∣∣∣ψnucl, i(ϑA)


, (3.54)

’( µ
(an)

j J 0!+30,.!$9 30B!i#!$9 3+3(!# :)+#+!0 ?$ ’(9#)+!0 7 0#+3!+3%
&’)i, mAj J 30"0 !%2,+!0 = !+3()+3 j 7 &’)i, ϖ J +:()0#+) ":i!%.

3.3.1. 0=:;?i<G@iF MG5i7L8=BiGB9 BG =JB=Hi 8>=CiO
NI9C>BL

;,& 0!0,i=% 7:,$7% "()(’+7$M0 =+)i !0 B0,.3i7!( 7$:)+3i!E70!!&, M+ "%-
:)+7+’-%@ :)+1(" )+="i&!!& !%2,+!0 !0 0#+3!+3% &’)i, =0"#+"%@3+ #(+)iE
=A%)(!.. C #02+3% 7$:0’2% B03i,.#+!i0! !0)+’-(!!& 8+#+!% 30#$3( 7$B,&’

Ĥϑ new = Ĥϑ0 +#Ĥϑ, #Ĥϑ =
A+1∑

i,j=1

Vstar(|ri ↑ rj|). (3.55)

H0#)$?!$9 (,(3(!# 7$:)+3i!E70!!& 7 =+)i A%’( !0"#%:!$3

′$f | Ĥϑ|$i∝star = ′$f | Ĥϑ|$i∝0 + ′$f |#Ĥϑ|$i∝. (3.56)

SBi’!+ = #(+)i@E =A%)(!., :()D0 :+:)0720 7$=!0?0@#."& ’7+30 !(=A%)(!$3$
*7$,.+7$3$ 8%!21i&3$, #+A#+ A()(3+ 5* &2 7 )i7!&!!i (3.49)

′$f |#Ĥϑ|$i∝ =


2ς c

2

⊋wph

·Mstar(Eph),

Mstar(Eph) = N · FP (R) ·

∫
2
2
p-nucl

(r, kf)2
2
0(r) |r| dr, (3.57)

91



’( "$,0
FP (R) = P (R) = K · φ

ϑ(R). (3.58)

L%# 2p-nucl(r, kf) J *7$,.+70 8%!21i& )+="i&!+B+ 8+#+!0 !0 0#+3!+3% &’)i
(30@ !(:()()7!$9 (!()B(#$?!$9 ":(2#)), 20(r) J *7$,.+70 8%!21i& 0#+3!+B+
&’)0 (30@ ’$"2)(#!$9 (!()B(#$?!$9 ":(2#)).

;,& 4He 30#$3(3+

20(r) = 2nx=0(x) · 2ny=0(y) · 2nz=0(z),

2nx=0(x) =

exp


↑

x
2

2 a2



ς1/4
⇒

2nx nx!
⇒
a

·Hnx=0

(
x

a

)
=

exp


↑

x
2

2 a2



ς1/4
⇒
a

, N = 12. (3.59)

>i’"#07,&E?$ )i7!&!!& (3.59) 7 (3.57) ’,& 4He (at a = b = c), 30#$3(3+

Mstar(Eph) = FP (R) ·
N

ς3/2 a3

∫
2
2
p-nucl

(r, kf) exp


↑
r
2

a2


r dr, (3.60)

R7$,.+70 8%!21i& 2p-nucl )%*% :)+#+!0 7i’!+"!+ 1(!#)% 30" 0#+3!+B+ &’)0
)+=)0*+70!0 ?$"(,.!+ = :+#(!1i0,+3 V (r) = vc(r) + vN(r) + vso(r) + vl(r), ’(
vc(r), vN(r), vso(r) #0 vl(r) J 7i’:+7i’!+ 2%,+!i7".2$9, &’()!$9, ":i!-
+)Ai#0,.!$9 #0 7i’1(!#)+7$9 :+#(!1i0,$ = :0)03(#)03$ &2 % [72].

3.3.2. ’BG7iN MG7L5iHB=M= H;6C=5iBUHGBBF H J>C>:=H;Si
<=56G<8B;D NiC

;,& :+?0#2% :+)i7!&@3+ 3+’(,. #0 )(=%,.#0#$ )+=)0*%!2i7 = !0&7!$3$ (2":(-
)$3(!#0,.!$3$ ’0!$3$. P+=B,&!(3+ )+="i&!!& p+ 197Au, ’0!i :+ &2+3% A%,$
+#)$30!i % [73]. C$2+)$"#+7%E?$ )+=B,&!%#$9 8+)30,i=3 @ 3+-,$7i"#. 7i’-
#7+)$#$ ":(2#) = 72,E?(!!&3 2+B()(!#!+B+ #0 !(2+B()(!#!+B+ B0,.3i7!+B+
7$:)+3i!E70!!&. C$2+)$"#0@3+ ’+’0!2$, M+ ’0E#. ,$D( !09Ai,.D$9 72,0’
7 ":(2#), #+A#+ #02i = li = 0, lf = 1, lph = 1.

;,& 1.+B+ 7$2+)$"#0@3+ &2 % [72, 74]

Mfull = Mcoh +Mincoh, Mcoh = M
(E, dip, 0)
p , Mincoh = M!M , (3.61)
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’( M
(E, dip,0)
p #0 M!M :+)0*+70!i = )i7!&!. (3.51).

>+)i7!&!!& = (2":()$3(!#0,.!$3$ ’0!$3$ :)(’"#07,(!+ !0 )$"%!2% 3.9 (a).
/0 (A) ’+’0!$9 )+=)0*+70!$9 ":(2#) B0,.3i7!+B+ 7$:)+3i!E70!!& :)$ )+="i-
&!!i :)+#+!i !0 4He ’,& :+)i7!&!!& ":(2#)i7 B0,.3i7!+B+ 7$:)+3i!E70!!& :)$
)+="i&!!i !%2,+!i7 !0 ,(B2$* #0 70-2$* 0#+3!$* &’)0* 7 +’!+3% 8+)30,i=3i.

S )$"%!20 (A) #02+- 7$’!+, M+ )i=!$1& 3i- ":(2#)03$ ’,& 197Au #0 4He

’%-( i"#+#!0. >)$ )+="i&!!i !0 70-2$* 0#+3!$* &’)0* B0,.3i7!( 7$:)+3i!E-
70!!& !0A0B0#+ i!#(!"$7!iD( 7 :+)i7!&!!i = ,(B2$3$ &’)03$. >+’iA!i 7$"!+72$
A%,$ )0!iD( +#)$30!i :)$ ’+",i’-(!!i &’()!+B+ )+=:0’% 252Cf [28, 29] !0 70--
2i %,032$ 7 :+)i7!&!!i = ε-)+=:0’+3 [27, 75].

P$". 3.9.: >+)i7!&!!& ":(2#)i7 B0,.3i7!+B+ 7$:)+3i!E70!!& = (2":()$3(!#0,.-
!$3$ ’0!$3$ :)$ (!()Bi5 :%?20 :)+#+!i7 E = 190 H(C.

C0)#+ =0=!0?$#$, M+ )+=)0*+70!$9 ":(2#) = 72,E?(!!&3 2+B()(!#!+B+ i
!(2+B()(!#!+B+ B0,.3i7!+B+ 7$:)+3i!E70!!& 2)0M( +:$"%@ (2":()$3(!#0,.!i
’0!i 7 :+)i7!&!!i = 7$2+)$"#0!!&3 #i,.2$ 2+B()(!#!+B+ 7$:)+3i!E70!!&.

L(:() 3+-!0 )+=B,&!%#$ 7:,$7 "()(’+7$M0 2+3:02#!$* =i) !0 B0,.3i7!(
7$:)+3i!E70!!& :)$ p + 4He :)+1("i. ;,& 1.+B+ 72,E?$3+ 30#)$?!$9 (,(-
3(!# = )i7!&!!& (3.60). C:,$7 !0 ":(2#) B0,.3i7!+B+ 7$:)+3i!E70!!& 7 1.+3%
:)+1("i :+20=0!$9 !0 )$"%!2% 3.10. X2 7$’!+ = )$"%!20 (0), 7:,$7 "()(’+7$M0
Ai,+B+ 20),$20 !( Ai,.D( !i- 0,1 H(C2, #+A#+ i!#(!"$7!i"#. B0,.3i7!+B+ 7$-
:)+3i!E70!!& :)$ #02+3% )+="i&!!i :)02#$?!+ !( =3i!E@#."& 7 :+)i7!&!!i =
)+="i&!!&3 % 702%%3i. I+!1( #(- 7 !09:)+"#iD+3% !0A,$-(!!i 3+-!0 +:$"0#$
:+,i#)+:!$3 )i7!&!!&3 "#0!%, #+ 1& 3+’(,. +:$"%@ B0,.3i7!( 7$:)+3i!E70!-
!&, M+ 7$!$20@ :)$ )+="i&!!i !%2,+!i7 !0 &’)0* 4He 7"()(’$!i I+!1&.
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/0 )$"%!2% 3.10 (A) :+20=0!$9 7:,$7 !0 ":(2#) B0,.3i7!+B+ 7$:)+3i!E70!!&
7"()(’$!i !(9#)+!!$* =i) +:$"0!$* )i7!&!!&3 L+,3(!0-O::(!B(93()0-
C+,2+70. /0 7i’3i!% 7i’ Ai,$* 20),$2i7, 7:,$7 "()(’+7$M0 !0 ":(2#) !0A0B0#+
Ai,.D$9. /0 1$* )$"%!20* F J "$,0 = &2+E "()(’+7$M( 7:,$70@ !0 0#+3!(
&’)+, )+=)0*+70!( = )i7!&!!& (3.58).

P$". 3.10.: C:,$7 !0 ":(2#) B0,.3i7!+B+ 7$:)+3i!E70!!& 7 "()(’+7$Mi Ai,+B+
20),$20 (0), #0 !(9#)+!!+5 =+)i (A).

P(=%,.#0#$ )+=)0*%!2i7 ’,& )+="i&!!& :)+#+!i7 !0 0#+3!$* &’)0* 8Be, 12C,
16O, 24Mg, 40Ca, 56Fe :)(’"#07,(!i !0 )$"%!2% 3.11.

;+7+,i :)+"#+ +#)$30#$ ":(2#) ’,& B0,.3i7!+B+ 7$:)+3i!E70!!& :)$ )+=-
"i&!!i !(9#)+!i7 !0 0#+3!$* &’)0*. S )i7!&!. (3.49)–(3.53) 7$:,$70@, M+ 3+-(
A%#$ !(2+B()(!#!( 7$:)+3i!E70!!& ":)$?$!(!( 0!+30,.!$3 30B!i#!$3 3+-
3(!#+3 !(9#)+!0. O#-(, 3+-!0 :()(:$"0#$ 30#)$?!$9 (,(3(!# !0"#%:!$3
?$!+3 ’,& )+="i&!!& !(9#)+!i7 !0 0#+3!$* &’)0*

M
(n)

full
= MP +M

(M)
p +M!M +Mk +Mstar. (3.62)

I:(2#)$ ’,& )+="i&!!& !(9#)+!% !0 0#+3!$* &’)0* 4He, 8Be, 12C, 16O, 24Mg,
40Ca, 56Fe 7 "()(’+7$Mi !(9#)+!!+5 =+)i :)(’"#07,(!i !0 )$"%!2% 3.12.

3.4. C-2&/(.- 1/ $/61i3% 3

C 1.+3% )+=’i,i A%,+ :+@’!0!+ 8+)30,i=3 B0,.3i7!+B+ 7$:)+3i!E70!!& [71,
72] = 3+’(,,E ’(8+)3+70!$* +"1$,&#+)!$* +A+,+!+2 [69, 70, 76] ’,& +:$"%
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P$". 3.11.: I:(2#)$ B0,.3i7!+B+ 7$:)+3i!E70!!& :)$ )+="i&!!i :)+#+!i7 !0
0#+3!$* &’)0* 8Be, 12C, 16O, 24Mg, 40Ca, 56Fe 7 "()(’+7$Mi !(9#)+!!+5 =+)i.
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P$". 3.12.: I:(2#)$ B0,.3i7!+B+ 7$:)+3i!E70!!& :)$ )+="i&!!i !(9#)+!i7 !0
0#+3!$* &’)0* 8Be, 12C, 16O, 24Mg, 40Ca, 56Fe 7 "()(’+7$Mi !(9#)+!!+5 =+)i.
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0#+3!$* &’() 7 "()(’+7$Mi 2+3:02#!$* =i).
H+’$8i2+70!0 3+’(,. ’(8+)3+70!$* +"1$,&#+)!$* +A+,+!+2 = 77(’(!!&3

:+#(!1i0,% Vstar ’+=7+,&@ )+=)0*%70#$ (!()BiE =7’&=2% 7 =0,(-!+"#i 7i’ B,$A$-
!$ =!0*+’-(!!& 0#+3!+B+ &’)0 7 2+3:02#!i9 =+)i. ;+",i’-%70,$"& Ai,i 20)-
,$2$, M+ +:$"%E#."& )i7!&!!&3 ](9!0-T3’(!0 (3.38) #0 !(9#)+!!i =+)i !0
+"!+7i )i7!&!!& L+,3(!0-O::(!B(93()0-C+,2+70 (3.40). C!("+2 30#()i5 Ai,$*
20),$2i7 7 (!()BiE =7’&=2% 0#+3!+B+ &’)0 !(*#+7!$9. C !(9#)+!!$* =+)&* !0
(!()Bi5 =7’&=2% 0#+3!$* &’() "%##@7+ 7:,$70@ 30#()i& =+)i, &2 :)(’"#07,(!+
!0 )$"%!20* 3.6 #0 3.7. SBi’!+ = )$"%!2+3 3.8 7 !(9#)+!!$* =+)&* i"!%@ B)0!$-
?!0 7i’"#0!. 7i’ 1(!#)% =+)i, B,$AD( &2+5 (!()Bi& =7’&=2% 0#+3!$* &’() "#0@
’+’0#!+E. ;,& 70-?$* &’() 1& 7i’"#0!. Ai,.D0, !i- ’,& ,(B2$*.

/0 +"!+7i :+A%’+70!+5 3+’(,i #02+- A%,+ ’+",i’-(!+ )+="i&!!& !%2,+!i7 !0
0#+3!$* &’)0* 7 "()(’+7$M0* 2+3:02#!$* =i) = %)0*%70!!&3 7:,$7% 30#(-
)i5 =+)i. P+=)0*%!2$ :+20=%E#., M+ :)$ )+="i&!!i !%2,+!i7 !0 0#+3!$* &’)0*
7"()(’$!i Ai,$* 20),$2i7 ":(2#) B0,.3i7!+B+ 7$:)+3i!E70!!& :)02#$?!+ !(
7i’)i=!&@#."& 7i’ ":(2#)i7, +#)$30!$* 7 (2":()$3(!#0* !0 S(3,i. I+!1( 7 #(-
3+-!0 +:$"0#$ :+,i#)+:!$3 )i7!&!!&3 "#0!% = i!’(2"+3 :+,i#)+:$ 3, #+- :+-
A%’+70!0 3+’(,. ’+=7+,&@ )+=)0*%70#$ ":(2#)$ B0,.3i7!+B+ 7$:)+3i!E70!!&
:)$ )+="i&!!i !%2,+!i7 !0 0#+3!$* &’)0* 7 :,0=3i I+!1&.

>)$ )+="i&!!i !%2,+!i7 !0 0#+3!$* &’)0* 7 !(9#)+!!$* =+)&*, 7:,$7 30#()i5
’%-( "$,.!+ 7:,$70@ !0 ":(2#)$ B0,.3i7!+B+ 7$:)+3i!E70!!&, &2 :+20=0!+ !0
)$"%!20* 3.11 #0 3.12. C :+A%’+70!i9 3+’(,i B+,+7!$9 72,0’ 7 ":(2#)$ 7!+"&#.
0!+30,.!i 30B!i#!i 3+3(!#$ :)+#+!0 #0 ’(9#)+!0.
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%4#0).34

4 ’$"()#01i9!i9 )+A+#i :)(’"#07,(!+ )+=)+A,(!i #(+)(#$?!i 3+’(,i, &2i +:$-
"%E#. 0#+3!i &’)0 #0 &’()!i )(021i5 7 (2"#)(30,.!$* %3+70* 2+3:02#!$* =i).
Wi,,E ’+",i’-(!!& A%,+ +#)$30#$ :)+"#i ’,& =0"#+"%70!!& #0 3+’$8i201i5,
0,( ’+"#0#!.+ #+?!i 3+’(,i, =0 ’+:+3+B+E &2$* 3+-!0 )+=)0*+7%70#$ 7,0-
"#$7+"#i 0#+3!$* &’() #0 &’()!$* )(021i9 =,$##& 7 Mi,.!$* "()(’+7$M0*. C
)(=%,.#0#i :)+7(’(!$* ’+",i’-(!. +#)$30!i !0"#%:!i 70B+3i )(=%,.#0#$:

1. C:()D( =0"#+"+70!+ 3(#+’ A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 ’,& +:$-
"% :i2!+&’()!$* )(021i9 3i- i=+#+:03$ 20)A+!% 7 2)$"#0,i?!$* K)0#20*
2+3:02#!$* =i). P+=)+A,(!0 3+’(,. ’+=7+,&@ )0*%70#$ D7$’2+"#i :i-
2!+&’()!$* )(021i9 =0 (!()Bi9, )0!iD( !(’+"&-!$* ’,& 8+)30,i=3i7 !0
+"!+7i 270=i2,0"$?!$* !0A,$-(!. (E → 3, 5 H(C), A+ :+A%’+70!0 3+-
’(,. !0 +"!+7i 3(#+’% A0B0#+)0=+7$* 7!%#)iD!i* 7i’A$##i7 ’+=7+,&@ 7)0-
*%70#$ 270!#+7i :+#+2$ % 7!%#)iD!i9 +A,0"#i :+#(!1i0,%. W( =3(!D$,+
+1i!2% D7$’2+"#(9 :i2!+&’()!$* )(021i9 7 ∈ 1, 893 )0=$. S0 ’+:+3+B+E
3+’(,i 7:()D( 3+-!0 = 7$"+2+E #+?!i"#E )+=)0*%70#$ 93+7i)!i"#. =,$-
##& 0#+3!$* &’() :)$ :i2!+&’()!$* )(021i&* ?()(= :)+3i-!% "#0’iE J
%#7+)(!!& "2,0’(!+B+ &’)0. SBi’!+ = )+=)0*%!203$, 93+7i)!i"#. )(021i5
=,$##& ?()(= %#7+)(!!& "2,0’(!+B+ &’)0 Ai,.D0, !i- 93+7i)!+"#i =,$-
##&, )+=)0*+70!i !0 +"!+7i i!D$* 3(#+’i7 (!0:)$2,0’, =,$##& 0#+3!$*
&’() =0 (!()Bi9 !%,.+7$* 2+,$70!.): 3+-!0 +?i2%70#$ "$!#(= i=+#+:i7
30B!iE 7 )(021i&* 10C+ 10C, 12C+ 12C #0 24C+ 24C, 0’-( "03( 7 1$* )(0-
21i&* (!()Bi& %#7+)(!+B+ 270=i=7’&=0!+B+ "#0!% 3(!D0 =0 7$"+#% A0)’@)0
:+#(!1i0,% 7=0@3+’i5 3i- &’)03$. C:()D( ’+",i’-(!+ 7:,$7 :,0=3+7+B+
(2)0!%70!!& !0 7=0@3+’iE ’7+* i=+#+:i7 20)A+!% 7 2)$"#0,i?!i9 K)0#1i,
:)$ 1.+3% "%##@7+ =3i!E@#."& (!()B(#$?!$9 ":(2#) !%,.+7$* 2+,$70!.
&’().
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2. P+=)+A,(!+ !+7% 3+’(,. 7$:)+3i!E70!!& B0,.3i7!$* 8+#+!i7 :)$ )+="i-
&!!i :)+#+!0 !0 ’(9#)+!i :)$ (!()Bi&* 7i’!+"!+B+ )%*% 3i- :)+#+!+3 #0
’(9#)+!+3 7i’ !%,.+7$* ’+ 1,0 U(C (M+ 7i’:+7i’0@ 302"$30,.!i9 (!()Bi5
:%?20 ’(9#)+!i7 1,5 U(C). C:()D( #02$9 :)+1(" ’+",i’-(!+ % 2,0"#()!+-
3% :i’*+’i 7 +:$"i )+="i&!!&, 0 "03( )+=)+A,(!+ ’7+- #0 #)$-2,0"#()!$9
70)i0!#$ 3+’(,i. C$&7,(!+, M+ :()()i= B0,.3i7!+B+ 7$:)+3i!E70!!& 30@
=0,(-!i"#. 7i’ :0)03(#)i7 2,0"#()!+5 3+’(,i, M+ 7:()D( ’+=7+,&@ 7$-
7?0#$ "#)%2#%)% ’(9#)+!0 !0 +"!+7i 0!0,i=% :()()i=i7 B0,.3i7!+B+ 7$-
:)+3i!E70!!& % #02+3% )+="i&!!i. F "03(, 3+’(,. ’+=7+,&@ 7$=!0?$#$
=!0?(!!& +"1$,&#+)!+5 ’+7-$!$ J :0)03(#)0, M+ 7i’:+7i’0@ =0 A%’+-
7% ’(9#)+!0, J = 0!0,i=% ":(2#)i7 B0,.3i7!+B+ 7$:)+3i!E70!!&. H+’(,.
=0"#+"+70!+ ’+ 0!0,i=% !0&7!$* (2":()$3(!#0,.!$* ’0!$* 7$:)+3i!E-
70!!&, &2i +#)$30!+ !0 1$2,+#)+!i 4!i7()"$#(#% I!’i0!0 % N,%3i!B#+!i,
IGF (cyclotron at the Indiana University Cyclotron Facility, IUCF) :)$
(!()Bi5 :%?20 ’(9#)+!i7 145 H(C. H+’(,. B0)!+ +:$"%@ 1i (2":()$3(!-
#0,.!i ’0!i. F!0,i= :+20=07, M+ ’+",i’-(!!& "#)%2#%)$ &’() :)$ #02$*
(!()Bi&* !( @ (8(2#$7!$3$, #+’i &2 7:,$7 +"1$,&#+)!+5 ’+7-$!$ !0 ":(-
2#)$ B0,.3i7!+B+ 7$:)+3i!E70!!& ,(BD( :+A0?$#$ #0 ’+",i’-%70#$ =0
Ai,.D$* (!()Bi9 )+="iE70!+B+ :%?20. W( 720=%@ !0 :()":(2#$7% :)+7(-
’(!!& !+7$* (2":()$3(!#i7 = 1$3$ )(021i&3$ :)$ Ai,.D$* (!()Bi&*, M+
7:()D( ’+=7+,$#. 7$7?0#$ "#)%2#%)% &’() #02$3 ?$!+3 (2":()$3(!-
#0,.!+.

3. P+=)+A,(!+ !+7% 3i2)+"2+:i?!% 3+’(,., M+ +:$"%@ 7,0"#$7+"#i :0)!+-
:0)!$* 0#+3!$* &’() 7 Mi,.!+3% "()(’+7$Mi 2+3:02#!$* =i) J Ai,$*
20),$2i7 #0 !(9#)+!!$* =i). <+)30,i=3 :+A%’+70!+ D,&*+3 3+’$8i20-
1i5 3+’(,i ’(8+)3+70!$* +"1$,&#+)!$* +A+,+!+2, &20 ’+=7+,&@ D7$’2+
)+=)0*%70#$ (!()BiE =7’&=2% 0#+3!$* &’(), 5* ’(8+)301i5 #0 )+=3i)$. /+-
7$3 (,(3(!#+3 3+’(,i @ 3(*0!i=3, )+=)+A,(!$9 !0 +"!+7i :+,i#)+:!+B+
)i7!&!!& "#0!% ’,& 7$)+’-(!+B+ (,(2#)+!!+B+ #0 !(9#)+!!+B+ B0=%, M+
’+=7+,&@ +:$"0#$ 7:,$7 =+)&!+B+ "()(’+7$M0 !0 &’)+ % 3i2)+"2+:i?!+-
3% :i’*+’i. P+=)0*%!2$ =0 ’+:+3+B+E 3+’(,i :+20=0,$ i"#+#!$9 7:,$7
"()(’+7$M0 !(9#)+!!+5 =+)i !0 (!()BiE =7’&=2% 0#+3!$* &’(). SBi’!+ =
0!0,i=+3, (!()Bi& =7’&=2% 70-?$* 0#+3!$* &’() (56Fe, 40Ca) :)$ =0B,$-
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A,(!!i 7 !(9#)+!!% =+)E "#0@ ’+’0#!+E A,$-?( ’+ :+7()*!i, !i- (!()Bi&
=7’&=2% ,(BD$* 0#+3!$* &’() (4He, 8Be). O#)$30!+ ":(2#)$ B0,.3i7!+B+
7$:)+3i!E70!!& :)$ )+="i&!!i :)+#+!i7 #0 !(9#)+!i7 !0 &’)0* 7 "()(-
’+7$Mi !(9#)+!!+5 =+)i. >()()i=$, )+=)0*+70!i !0 +"!+7i 3+’(,i, "%##@7+
=0,(-0#. 7i’ B,$A$!$ =0!%)(!!& &’)0 7 !(9#)+!!% =+)E.

L(+)(#$?!( =!0?(!!& )+=)+A,(!+5 3+’(,i ’,& :i2!+&’()!$* )(021i9 :+,&B0@
7 3+-,$7+"#i 7)0*%70#$ 270!#+7i :+#+2$ % 7!%#)iD!i9 +A,0"#i :+#(!1i0,%, &2i
!( ’+"#%:!i ’,& 270=i2,0"$?!$* 3(#+’i7 ?()(= +A3(-(!!& C6N-!0A,$-(!..
<+)30,i=3 =0"#+"+7!$9 ’,& Ai,.D+B+ ’i0:0=+!% (!()Bi9 7=0@3+’iE?$* &’() 7
2)$"#0,i?!$* K)0#20* 2+3:02#!$* =i).

S!0?(!!& )+=)+A,(!+5 3+’(,i ’(9#)+!0 i 9+B+ 7=0@3+’i5 7 :)+1("i )+="i&!-
!& :)+#+!0 !0 ’(9#)+!i :+,&B0@ 7 3+-,$7+"#i ’+",i’$#$ 7:,$7 :0)03(#)i7
3+’(,i !0 :)+1(" #0 !0 B0,.3i7!( 7$:)+3i!E70!!&, M+ 9+B+ "%:)+7+’-%@. >+-
)i7!EE?$ (2":()$3(!#0,.!i ’0!i = :()()i=03$ B0,.3i7!+B+ 7$:)+3i!E70!!& =
)+=)0*%!203$ :+ 3+’(,i, @ 3+-,$7i"#. %#+?!$#$ 3+’(,. ’(9#)+!0.

L(+)(#$?!( =!0?(!!& 3+’(,i 0#+3!$* &’() 7 Mi,.!+3% "()(’+7$Mi 2+3:0-
2#!$* =i) :+,&B0@ 7 3+-,$7+"#i )+=)0*%70#$ 7,0"#$7+"#i 0#+3!$* &’() 7 #02+-
3% "()(’+7$Mi A(= !(+A*i’!+"#i 7$2+)$"#+7%70#$ "2,0’!i ?$"(,.!i !0A,$-(!!&
#0 )+=)0*%!2$.
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H!MNIO

C :()D% ?()B% 07#+) 7$",+7,E@ :+’&2% =0*$"!$203 42)05!$ 7 I$,0* +A+)+-
!$ 42)05!$ =0 =0*$"# 2)05!$ #0 9+B+ !0)+’% #0 "#7+)(!!& %3+7 07#+)% ’,&
:)+’+7-(!!& ’+",i’!$1.2+5 ’i&,.!+"#i 7 42)05!i.

F7#+) 7$",+7,E@ :+’&2% "7+53 A0#.203, !"#$%&%’i) J:,-.i ?"$:1i<2.i,
=0 3+)0,.!% :i’#)$32% #0 ’+:+3+B% 7 1(9 70-2$9 :()i+’, !"#$%&%’+;#
/.01i5 ?+$+0(;(1+2(3#, =0 :i’#)$32%, 3+#$701iE :)+’+7-%70#$ !0%2+7i
’+",i’-(!!&, #0 =0 =0*$"# 2)05!$ 7 ,070* I$, +A+)+!$ 42)05!$.

F7#+) 7$",+7,E@ :+’&2% 2+,(B03 % 7i’’i,i #(+)i5 &’()!$* :)+1("i7 i!"#$#%#%
&’()!$* ’+",i’-(!. #0 !0%2+7% ":i,.!+#%, "()(’ !$*:

• E")0".5’# 6:1Ci5 I:,1+2(3# =0 1i207i :+"#07,(!i =0’0?i ’,& ’+-
",i’-(!., ’+:+3+B% 7 !0%2+7i9 ’i&,.!+"#i, #():i!!&, +AB+7+)(!!& #0 3+-
#$701iE;

• K"2(0+2&%’+;# ?+$+0(;(1# ?+$+0(;(1+2(3# =0 !0’0!!& 3+#$-
701i5, :+)0’ #0 =0%70-(!. !0 +"#0!!i* (#0:0* !07?0!!& #0 )+A+#$ !0’
’$"()#01i@E;

• L$:B:.’+ ?+$+0(;(1# ?"&($%+2(3# =0 3+#$701iE :)+’+7-%70#$
!0%2+7i ’+",i’-(!!&, 1i207i +AB+7+)(!!& :i’ ?0" )+A+#$ #0 !07?0!!&,
:+)0’$ M+’+ !0%2+7+5 ’i&,.!+"#i;

• ?"&($:2&%’+;# ?i’,+1# 6:;:.+2(3# =0 ":i7:)01E !0’ =0’0?(E, !0-
7?0!!& !+7$3 3(#+’03, +AB+7+)(!!& !0%2+7$* =0’0?, 2+)$"!i :+)0’$;

• M+;".5’ E"1i< ?’-3:&$"2i2.i =0 :+)0’$ #0 1i207i +AB+7+)(!!&;

• N’+2:.’+ O1i5 ?+$+0(;(1+2(3#, G8i>+0 J:,-.i ?i’,+1i2.i #0
i!D$3 7$2,0’0?03, &2i 1i207+ #0 3+#$7+70!+ :+20=%E#. !+7i #0 02#%0,.-
!i +A,0"#i 8i=$2$, 3+#$7%E#. !0 309A%#!i ’+",i’-(!!&;

• !0%2+7i9 ":i,.!+"#i !01i+!0,.!+5 020’(3i5 !0%2 42)05!$ = &2$3$ 307 3+-
-,$7i"#. :)01E70#$ )0=+3.

F7#+) 7$",+7,E@ :+’&2% 7i’’i,% 0":i)0!#%)$ i!"#$#%#% &’()!$* ’+",i’-(!.
=0 ’+:+3+B% !0 7".+3% D,&*% :i’ ?0" )+A+#$ 7 0":i)0!#%)i.
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